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4. M334 II 
Set Book | 


Barrett O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Benjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Also mentioned in this Part is: 
T. Wilmore: An Introduction To Differential Geometry (O.U.P., 1964). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Матх Theory by E.D. Nering; 
Spivak denotes Calculus by М. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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1.1 INTRODUCTION AND DOT PRODUCT 


Introduction 


This whole section depends only on Sections 1.1 and L2, and may be read easily 
even if you are not entirely confident about the later sections of Chapter I. 


It provides a revision of the basic vector concepts that you have met in MST 282 and 
M201. You should make sure that you are familiar with the following ideas: the dot 
product, cross product, triple scalar product and norm for E? (Unit MST 282 1, 
Some Basic Tools, Section 2); the dot product, norm, Schwarz inequality, angle, 
orthogonality, orthonormal bases and orthonormal expansions for general Euclidean 
vector spaces (Unit M201 16, Euclidean Spaces I: Inner Products); orthogonal 
matrices (Unit M201 24, Orthogonal and Symmetric Transformations, Section 1.2). 
You will also find it useful to revise the technique of evaluation of a 3 X 3 deter- 
minant (KKOP, page 684). 


These vector ideas are revised and then applied to the tangent vector spaces Ty (E? ). 
For example, the dot product of two tangent vectors with the same point 2 appli- 
cation is defined by 


We find that the usual vector space results carry over to each of the tangent spaces. 
Later on we shall extend these definitions to vector fields by the pointwise 
principle: for example, if V and W are vector fields the dot product of V and W, 
V-W, will be the function from E? to К whose value at р is У(р) W(p). 


READ: Introduction to Chapter II and Section П.1 (pages 42-48). 


Comment 


(i) Page 47: the determinant and cross product The determinant is a 
function from the set of all square real matrices into the real numbers. It is 
written by replacing the brackets of the matrix by straight lines. The rules 
for evaluating it on 2 X 2 and 3 X 3 matrices are as follows: 


а 312 
= 911: 822 -421 4425 
421 322 
ау а12 413 
821 a22 a23 | = 811422433 + 221232213 + 331412 323 
431 a32 a33 — аз 492 413 — 221412 433 - 441123322253 


(see KKOP, page 684) 
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which may be written as 


811 312 313 
a21 а22 a23 =. A a22 a23 жаз 423 а21 
азі 432 a33 a32 433 азз азі 
tais a21 a22 

аз1 832 


This last expression gives the expansion of the formal determinant for у Х м 
as 


О, (р) |у va |+ 0, (р)| уз м, |+ 03 (р) [у v 

УУ: W3 W3 Wi Wi УУ, 
= (У2\з - V3w2) О, (р) + (узу, - vıw3) О, (р) + (vi м - v2w4) Оз (р) 
= (V мз - УзУУ2» УЗМ№ | - Уу Ма, У1 М2 – УМ} )р: 


O’Neill assumes that you are familiar with the following properties of deter- 
minants: 


(a) a determinant is linear as a function of each of its rows; 
(b) interchanging two rows of a determinant multiplies its values by - 1; 
(c) a determinant has value zero if and only if its rows are linearly 


dependent vectors. 


In Unit M 201 5, Determinants and Eigenvalues, you learnt these properties 
for the columns of a determinant. However, in Section 1.5 of that unit you 
saw that the determinant of the transpose of a matrix is the same as the 
determinant of the original matrix, and thus all these results are true for 
rows as well. 


By Lemma П.1.8, v X м is orthogonal to both v and w, and 
ух м = (vv) (мем) - (vw)? 
= МР м - (v-w)?. 
The angle 9 between v and w is defined Бу 
vew = Ilvilllwll cos à 
(see page 44), and so 
у X wl? = МАМЕ — ММ cos 9)? 
= Мм (1 - cos? 9) 


= | М Iwll? sin? 9. 


M334 П.1 7 
Taking square roots, 
1 

lv X м1 = Мм (sin? 9). 
For any given value of cos (in [-1,1] ) we can choose 9 to lie in the range 
0 € 9 < m, that is 9 is the smaller angle between v and w; for 9 in this range 
sin 9 is non-negative and so (sin? 9)? = sin 9. Thus 

[у X wll = ПМУ sin 9 
and so 


vX м = [lvili|wl| sin 9 n 


where n is a unit vector orthogonal to both v and w. 


УХ м 


У 


" 


In fact n is obtained from v and w by the right-hand rule (page 48, penulti- 
mate paragraph), and so O’Neill’s definition of cross-prodict is equivalent to 
that given in Unit MST 282 1, Some Basic Tools. 


One consequence of the definition of cross-product is the following. 


Lemma П.1.А If e, and e, are orthogonal unit tangent vectors and 


ез =e, X е, then e, is a unit tangent vector orthogonal to both e, and e; 
and 

e, Хе) =е.; е Хе, = -ез; 

е Хе. =е,; ез Хе) =-е,; 

ез Хе, =е,; e, Хе. =-е>. 


In particular, these formulas hold when e, = О, (р), e2 = О, (р), in which 
case ез = О, (p) X U2 (р) = Оз (p). 
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There is no reason to restrict the definition of cross product to tangent 
vectors. As for the dot product, we can define it for pairs of points of E? 


also. If we put и, = (1, 0, 0), u, = (0, 1, 0), u3 = (0, 0, 1) then for points p 
and q of E? we define the cross product of p and q to be 
а, u us 
PXq=]| Pi рг Ps 
qı 42 q3 
= (pads -P3q2)u: + (рз9: - Pigs U2 + (P1q2 - Р2 91 Us 
= (pads - P342; Padi - P193» P102 - р291). 


Useful results about determinants and cross products are contained in the - 
following exercises, which you should attempt now. 


l. Page 49, Exercise 4. 

2. Page 49, Exercise 5 (first part). 

3. Page 49, Exercise 6. 
Additional Text 


The result of the following exercise will be needed later. 


4. Page 49, Exercise 7. 

Summary 

Notation 

pq Page 42, Definition 1.1 
Ур“Ур Page 44, Definition 1.3 
ЇР! Расе 43, Ппе 9 

ур! Page 44, line 12 

d(p, q) Page 43, Definition 1.2 
Me Page 43, line -4 

tA Page 47, line 1 

Ур X Ур Page 47, Definition 1.7 
PXq Text, page 8 
Definitions 


(1) Dot product of points p:q 
of tangent vectors v*w 


(11) Norm of a point || 
of a tangent vector ||у|| 


(iii) Euclidean distance d(p, q) 


Page 42, Definition 1.1 
Page 44, Definition 1.3 


Page 43, line 9 
Page 44, line 12 


Page 44, Definition 1.2 
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(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(ix) 
(x) 
(xi) 
(xii) 


(xiii) 
(xiv) 
Results 
(i) 

(ii) 


(iii) 
(iv) 


(v) 


€-neighbourhood N. 

Open set 

Orthogonal vectors 

Unit vector 

Frame, or orthonormal basis 
Orthonormal expansion 
Attitude matrix 

Orthogonal matrix 
Transpose of A, tA 


Cross product of points p X q 
of tangent vectors v X w 


Triple scalar product u-v X м 


їр + qli S lipii + 0 (the triangle inequality) and 
Тер! = lal ЇїРЇЇ. 
lv-wl < [|у|| ю| (Schwarz inequality). 
U,(p), U2(p), U3(p) constitute a frame at р. 


Orthonormal expansion. If e}, ёо, ез is a frame 
at p and v € Ty (E?), then 


v = (v-e,) e4 + (уез) e; + (v-e3) ез. 
If e,, ез, ез is a frame, у = È ajej and 
м = È bje;, then 


у.м = a,b, + аЬ» + a3b3. 


If A is an orthogonal matrix, ТА = А-\. 


The dot product is symmetric, bilinear, positive 
definite. 


The cross product is alternating, bilinear. 


4 . 
llv X wil = (у-у ww- (v-w)?)? = М Iwll] sin 8. 


УХ wis orthogonal to v and to м. 


v X w= livi] || sin 9 n, where n is obtained by the 
right-hand rule. 


УХ М + 0 if and only if v and w are linearly inde- 
pendent. 


шу X w # 0 if and only if u, v and w are linearly 
independent. 


Interchanging any two of u, v, w reverses the sign 
of u-v X w but does not change its absolute value. 


Пе, , e5, ез is a frame, 
eje; Хе; = + 1. 


Page 43, line -4 

Page 43, line -3 

Page 44, line -7 

Page 44, line -6 

Page 44, Definition 1.4 
Page 45, line -1 |. 

Page 46, Definition 1.6 
Page 46, line -2 

Page 47, line 1 


Text, page 8 
Page 47, Definition 1.7 


Page 48, line - 3 of text 


Page 43, line 11 


Page 44, line 13 
Page 45, line 6 


Page 45, Theorem 1.5 


Page 46, line 7 


Page 47, line 5 


Page 43, lines 1-7 
Page 47, line -11 


Page 47, Lemma I.8 and 
Page 48, line -9 


Page 47, Lemma I.8 
Text, page 7 

Page 49, Exercise 5 
Page 49, Exercise 4(b) 
Page 49, Exercise 4(c) 


Page 49, Exercise 6 
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(xvi) Ife,,e2 are orthogonal unit vectors and 
е, X e, = ез, then e,, €2, ез is a frame, and 


€; Хез =ез; ез Хе, = -ез; 
€2 X ез= е; езХ ез =-е,; 


ез Хе, = €73; €] X ез= -е,. Text, page 7 


(xvii) If u is a unit vector, any vector v may be expressed 
uniquely as 


у = (у-и) u + v5, 


where v; is orthogonal to и. Page 49, Exercise 7 
Techniques 
(i) Evaluation of dot and cross products and norms. Page 42, Definition 1.1 and 

Page 47, Definition 1.7 

(ii) Evaluation of triple scalar products. Page 49, Exercise 4(a) 
(iii) ^ Expansion in terms of an orthonormal basis. Page 45, Theorem 1.5. 
(iv) Determination of the attitude matrix and use of 

the result ‘A = A7. | Page 46, Definition 1.6 
Exercises 


Technique (1) 


5. Page 48, Exercise 1. 
Technique (ii) 
6. If v and w are as in the preceding exercise and u 7 (- 8, 1, - 1) at the same 


point, compute u-v X м. 


Technique (111) 


(2 Page 49, Exercise 3. 
Technique (15) 
8. Find the attitude matrix A of the frame in the preceding exercise. What is its 


inverse? 
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Solutions 
1. Page 49, Exercise 4. 

(a) Suppose u, v, w are tangent vectors at the point p. 

u = u,U,(p) + о0(р) + изОз(р). . 
v X w= c,U;,(p) + c;Us(p) + сзОз(р) (*) 
where the c; are found from 
0,(р) 92(р) Us(p) 
vX w=] у; V2 V3 
Ул УУ2 Мз 
uev X W = сүйү + Guy + Cu 
which is (*) with U;(p) replaced by и; for i= 1, 2, 3: thus replacing 
Ui(p) by uj in the determinant gives u-v X w. 

(5) u-v X М # 0 => the rows of the determinant are linearly independent 

<=» u, v and w аге linearly independent. 

(c) Again, this follows from the properties of determinants: if any two 
rows in a determinant are interchanged the whole determinant 
changes sign. | 

(d) u X v-w = weu X v, because the dot product is symmetric, 

=u-v X м, by part (c). 
2. Page 49, Exercise 5. 
We know that |lv X wll = М  ШММ1| sin 9, where 9 is the angle between v and w. 


vX w=0 =} |у X wil = 0 
= |] =0 or |М|1-0 or sind=0 
—v=0 or w=0 or isa multiple of r. 


If v = 0 or = 0 then v and м are certainly linearly dependent. If 9 is a 
multiple of m then 


v and w are collinear, and so linearly dependent. Conversely, if v and w are 
linearly dependent, either v = 0 or w = 0 or sin 3 = 0. 


Thus v Хул 0 “= v and w are linearly independent. 


12 
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Page 49, Exercise 6. 


е X ез is orthogonal to both е, and ез. e; and ез span a plane in Т,(Е?), 
so the tangent vectors orthogonal to both ез and ез form a line in T,(E?). 
We know that e, is orthogonal to both e; and ез and so e, spans this line: 
thus ез X ез must be a multiple of e,. 

е; X ез|! = lleall еэ sin $ = 1, 
80 

е X ез = te). 


Thus 


е-е) X e3 = tete; =+1. 


If A is an orthogonal matrix, then it is the attitude matrix of a framee;, 
ез, єз, where the coordinates of e; with respect to U,(p), U2(p), U3(p) form 
the ith row of A for i = 1, 2, 3. By the first part of the question, 
е-е X ез = + 1. However, by Exercise 4(a) оп page 49, 


е е) €13 
epe;Xe47 |е €22 ез| = detA 
€31 €32 €33 


so the determinant of A is + 1. 


We could have reached this last result in another way, using the facts (see 
Unit M201 5, Determinants and Eigenvalues, Section 1) that if A and B are 
square matrices of the same size then 


det (tA) = det (A) 
and 
det (AB) = det(A) det(B), 


Now, if A is orthogonal, “АА =I 


SO 

det (ТАА) = det(I) = 1 
so 

det (tA) det(A) = 1 
SO 

det (A) det(A) = 1 
$0 


det (A) = +1. 


Расе 49, Exercise 7. 


Choose v, = (v:u)u, v; =У- уу. Then certainly v=v, +у2 and v, is the 
component of v in the u direction, by definition. Moreover, v - v, is the 
only possible choice for vz in order that v = v + v2, and so this expression is 
certainly unique. 
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u 
It remains to prove just that у-у = 0. Now 
Vp, = Уу (У - vi) 
= (v-u)u - (v - (v-u)u) 


= (v:u)(u-v - (v-u)u-u) 


= (v-u)(u-v - v-u), because u-u = 1, 
-0, because uev = уи. 
5. Page 48, Exercise 1. 
(a) vew = 1.(-1) + 2.0 + (-1).3 =-1-3 =-4. 
(b) Ui(p) Un(p)  Us(p) 
УХ w= 1 2 -1 
-1 0 3 
= (2.3 - (-1).0, C 1). (- 1) - 1.3, 1.0 - 2.(- 1)) 
= (6, -2, 2). 


() мі= (02 +22 +12 ys y= Be. 


Им = ((- 1)? + 0? + 3? Я - 10; ТЕП EI 3) 


(d) lv Хм! = (62 + (-2)? +22) 2/44 = 2/11. 
Alternatively, we can use Lemma П.1.8: | 

lv X wl? = (vev)(wew) - (v-w)? = УИ - (vew)? = 6.10- (-4)? = 44. 
(e) If 9 is the angle between v and м, 


vew = [|| | cosa: 
so -4 =\/6\/10 cos à 


NUI IL 2-2. 
so | cos? — 760 29715 "15^ 


6. Uy и» из -3 1 -1 
uvX w= |у; V2 v3 | 5 1 2 -1 
Wi УУ W3 -1 0 3 


=-3(2.3 - (-1).0) + 1((-1)? - 1.3) - 1(1.0- 2.(-1)) 
=-3.6 + 1.(-2) - 1.2 =-22. 


Aiternatively, since v X w has already been calculated in Exercise 5, we could 
go straight to 


uev X w = (- 3, 1,-1) . (6,-2, 2) 
=- 3.6 + 1.(-2) + (-1).2 =-22. 
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Page 49, Exercise 3. 


ее = ig? 4244 ]*)21 
ere; = ((-2)? +02 +22) =1 
ез-ез = 3(1? + (- 1)? + 12) -1 


ее» нат 


е,.ез -— (-2+0+2) = 


This shows that e,, ез, ез constitutes a frame. 


By Theorem П.1.5, 


у = (vee, Jey + (уе )ез + (v-es)es. 


ы урин, 
ve V6! Va ste 
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We can check this by working out the right-hand side directly: we obtain 


ATAR Ap 
V6 v6 Jz d xs A 


We simply take the coordinates of e,, ез, ез and write them as the rows of 


7, 14 
= (1,2, 1) - 82,0, 2) +3 Zl 
Jg uo ate zie o 
|. 3” 5 үрк» ч” 3' 3" 5 
-(6,1,-1)-v 
A. Thus 

do 22, 28 

6 V6 ув 

22 2 


M334 II.1 15 


Since A is an attitude matrix it is orthogonal, and so we know tA = A ! : that 
is, A7! may be obtained from A by interchanging corresponding rows and 


columns. 
This gives 
cde. mms. UE 
V6 V8 V3 
mia ша >i 
"ae ‘№ ys 
D „йл 
/6 


> 
© 
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П.2 CURVES 


Introduction 


This section depends heavily on Sections 1.4 and П.1 but not at all on the later 
sections of Chapter I. 


Here we take up the story of curves left in Section I.4, and extend the definitions 
and results of Section П.1 to vector fields defined on curves. We immediately 
introduce a way of differentiating these vector fields; in particular this gives us the 
acceleration of a curve: the velocity and acceleration turn out to be the same as 
those of a particle travelling along the curve, as given in Unit MST 282 2, 
Kinematics, Section 1.1. 


All of this is simply giving us enough technical apparatus to establish the Frenet 
formulas, which are a core feature of the course, in the next section. 


‚ READ: Section П.2 (pages 51-55). 


Comments 


(i) Pages 51-52: unit-speed reparametrization This particular type of 
reparametrization is very important. From now on, whenever O’Neill mentions a 
*unit-speed reparametrization" he means not just a reparametrization which 
happens to have unit speed but a reparametrization of the type given in the proof of 
Theorem 2.1. There is a useful symmetry in this situation. If f is a unit-speed 
reparametrization of œ we have 


B(s) = e(t(s)); 


in this particular case s and t are inverse functions, and so we also have 


that is, о is also a reparametrization of 8. We shall often make use of this fact. 


Theorem 2.1 is important because it is often sufficient to know that a unit-speed 
reparametrization of a curve @ exists, without computing it explicitly. It is this 
theorem which allows many proofs to begin: “We may assume a has unit speed". 
This considerably simplifies many things, but you should always check that the 
remark is justified. 


(и) Page 52: Definition 2.2 A vector field on a curve should be distinguished 
from a vector field on E?. It is true that if @ is a curve and V is a vector field on E? 
then the function Y defined by 


is a vector field on о (see the diagram opposite); however not every vector field on а 
is necessarily the restriction of a vector field on Ез. For example, it may happen 
that а crosses itself, that is there are different values t, and t; such that 


o(t;) = a(t2) = p 
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i | Y(t) = V(a(t) 


a (t) 


р 
if Y is a vector field on a it is not obliged to take the same values at t4 and t5, but if 
V is a vector field on E? then it has a unique value at p and so 
V(o(t,)) = V(o(t,)) = V(p). A good example of this is provided by the 
figure-of-eight curve given by | 
a(t) = (sin t, sin 2% 0) (t€ R) 


which crosses itself at 0 = 0(0) = a(7): at this point the vector field a’ on а 
does take different values, for o (0 = (1, 1, 0) while о (т) = (- 1, 1, 0). 


у 
a’ (т) a’ (0) 
Эт. us 
а (0) |= a (п) 
(їй) Page 54: Lemma 2.3 It is important at this point to be quite clear about 


77 66 


О”Мей 5 slightly unusual use of the words “constant”, “straight line" and “рагайе!”, 
A curve а is a constant if it is of the form 

a: 1 С 
that is, the image of а in E? is a single point. A curve 0 is straight line if and only И 
it is of the form 

a: 1—0 р + 19 
for some points p and 4 with q # 0. The image of a is certainly the line joining 
p and p + q. Intuitively we might think of the curves 

p: t-—>p + 214 
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and 
y:tr>pt Е q 
as the same as а, because their images are also the straight line joining p and p + q, 
but it is important to realize that, under Definition 1.4.1, they are different curves 
from a. In fact В is the reparametrization of a by the function 
hit => 2t 
and y is the reparametrization of о by the function 
k:t — €. 
Are В and y straight lines? Well В is, because В can be written 
B: t — p + t(2q), 
but y cannot be written in the form 
y: ta + tb 


for any points a and b so 7 is not, technically speaking, a straight line, merely a 
reparametrization of one. 


Finally, “рагайе!” has the meaning given on page 6, that of having the same vector 
parts. This is a more restrictive definition than that usually used in elementary 
geometry. For example, if 


then v is parallel to w but not x or y, even though they all point along the same 
direction. For tangent vectors at the same point we say they are collinear if they 
point along the same direction, that is if one is a scalar multiple of the other. The 
vectors w, x and y are all collinear. 


(tv) Curves — a Convention From now on we adopt the convention used by 
Spivak that a function defined on a subset of E" has the whole of E" as its domain 
unless otherwise specified. Thus in Exercise 1 on page 55 the curve 


+3 
a(t) = (2t, t?, =) 
is taken to be the curve 


3 
a: t (21, t?, =) (t ER). 


M334 II.2 
Additional Text 
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The following exercises introduce results which will be needed later. 


Attempt them now. 


1. 
2. 


Page 56, Exercise 7. 
Ү and Z are vector fields on a curve а. Prove that 


(Ух Z)'=Y' XZ+YXZ'. 


Supplementary Comment 


(i) Page 51: the 


“standard theorem of calculus” 


This is a combination of 


several results from Spivak, which you should be able to accept. 


Summary 


Notation 


Definitions 


б) 
(8) 


Speed у 

Arc length 

Arc-length function s 

Arc-length parametrization 

Unit-speed reparametrization 
Orientation-preserving reparametrization 
Orientation-reversing reparametrization 
Vector field (Y) on a curve 


Euclidean coordinate functions of a vector field on 
a curve 


Derivative of a vector field on a curve 
Acceleration (a ") of a curve 
Parallel vector field 


Collinear tangent vectors 


Page 51, line 4 

Page 51, line - 7 

Page 52, Definition 2.2 
Page 54, line 7 


Page 51, line 4 

Page 51, line 11 

Page 51, line -7 

Page 52, line 7 

Text, page 16 

Page 52, line - 12 

Page 52, line - 11 

Page 52, Definition 2.2 


Page 53, line 9 
Page 54, line 3 
Page 54, line 7 
Page 54, line - 10 
Text, page 18 
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Results 

(i) Any regular .curvé has a unitspeed repara- 
metrization. 

(11) If B is a unit-speed reparametrization of a, then a is 


a reparametrization of В. 


(iii) | Га has unit speed, then s(t) = t. 


(iv) The linearity апа  Leibnizian properties of 


differentiation of vector fields on curves. 


(aY * bZ) = aY'* bZ 
(ГҮ) = ГҮ + ГҮ” 
(Y-Z) = Y -Z*Y.Z 

(YXZ) -Үх2-Үх7. 
(v) a is constant if and only if a’ = 0. 
(vi) _ «isastraight line if and only if a #0 and a” = 0. 
(vii) lYllis constant if and only if Y-Y’ = 0. 
(viii) Y is parallel if and only if Y' = 0. 
(ix) — Y(h)' 2 h'Y'(h). 


Techniques 


i) Calculation of arc-length. 


... 


ii) ^ Unit-speed reparametrization. 


Я 


iv) Expression of a vector field on a curve in terms of 
its Euclidean coordinate functions. 


( 
(ii) Finding an arc-length function s = s(t). 
( 
( 


(v) Algebra of vector fields on a curve. 
(vi) Differentiation of vector fields on a curve 
(a) from first principles 
(b) using linearity and Leibnizian properties. 


(vii) Calculation of velocity, speed, acceleration. 


Exercises | 


Technique (1) 
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Page 51, Theorem 2.1 


Text, page 16 


Page 54, lines 12-17 
Text, page 19 

Page 54, Lemma 2.3(1) 
Page 55, Lemma 2.3(2) 
Page 54, lines - 14 to-12 
Page 55, Lemma 2.3(3) 


Page 56, Exercise 7 


Page 51, line 11 
Page 51, proof of Theorem 2.1 
Page 51, Theorem 2.1 


Page 53, line 7 
Page 53, last paragraph 


Page 54, line 3 


Page 54, lines 12-17 and 
Text, page 19 


Page 51, line 4 and 
Page 54, line 7 


3. Page 55, Exercise 4. (Note that “log” means “natural logarithm” .) 


Techniques (ii) and (їй) 


4. Page 55, Exercise 3. 
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Techniques (tv) and (v) 


5. Page 55, Exercise 6. 


Techniques (vi)(a) and (vit) 


6. Page 55, Exercise 2. The required cone is the set of points in E? satisfying 


x? +y? = 22. 


Technique (vt)(b) 
7. Let Y and Z be the vector fields on the curve a(t) = (cos t, sin t, t) given by 
Y(t) = (cos t, sin t, Let) 
Z(t) = (sint, t, cos t)o(t), 
Find Y'(t) and Z'(t) and hence V'(t) when У is each of the following: 
(a) V(t) = Y(t) + Z(t) 
(b) V(t) = t* Y(t) 


(c) V=Y-Z 
(d) У=УХ 7. 


Theory Exercises (omit И you are short of time). 


8. Y is a vector field on a curve a. Prove that if ||Y|| is constant and У’ is never 
zero then У” is never orthogonal to Y. (HINT: Differentiate Ү:Ү = con- 
stant.) 

9. Page 56, Exercise 9. (HINT: For the “if” part of (b), let 'y be a unit-speed 


reparametrization of а and show that y is a straight line by showing that y” 
is both collinear and orthogonal to y’. By result (ii) о is a reparametrization 
of y.) 


Solutions 


1. Page 56, Exercise 7. 


Y(t) is a tangent vector at a(t), so Y(h(s)) is a tangent vector at a(h(s)), so 
Y(h) is a vector field on the curve a(h). 


We can write Y(t) = (yi(t), ya(t), ya(t) a(t) 
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Y'(t) = (yh (9, v2 (t) уз (оқа). 
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Now 
Ү(8)6) = (ys(h(s)), yaCh(s)), vath(s)Daq(s) 
У(В) (8) = (y1(h(s)) h'(s), ya(h(s))h’(s), ysth(s)h'(s))o(h(s)) 
by the definition of 
differentiation of a 
vector field on a curve 
and by the chain rule 
= h'(s)(y'(h(s)), y4(h(s)), УЗ) оа) 
= h'(s) Y'(h(s)) 


Y(h)' - h'Y'(h). 


Note that this result is, not surprisingly, yet another form of the chain rule! 


If 
| Y(t) = (у (9) va(t) ya(t)) 
and А 
Z(t) x (z,(t), Z(t), za(t)) 
then 


(Y x Z) (t) = (ya (Os (t)- уз (t)z2 (t). уз (t)zı (t) - ул (025 (t), 
У! (t)z2 (t) - ya(t)zi (t). 


To differentiate Y X Z we differentiate its coordinate functions. The first of 
these 18 


y223 “Уз27» 
whose derivative 1s 
У223 + yaZ3 - YaZa - yao by the Leibnizian rule for derivatives 
| of functions from R to В, 
= , , , , 
= (yàza - У322) + (У27з - Уз22) 


The other two coordinate functions are similar, and so we obtain 


= Y'(t) х Z(t) + Y(t) X Z'(t 
=(Y'X Z+YX Z’')(t). 


Thus 
(YXZ) =Y'XZ+YXZ. 
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3. Page 55, Exercise 4. 
a(t) = (2t, t?, log t), t > 0. 
«(1)= (2, 1,0) =р 
o(2)- (4, 4, log 2) =q, 
so the curve passes through p and q. 
а (t) = (2, 261) at 


lol (4+4? +5) = 2t +4 since + > 0. 


The arc-length between p and 4 is the arc-length from t = 1 to t = 2, which is 


2 1 2 
(2 +t at = Ё + log 1 
1 1 


=4+log2-1 


= 3 + log 2. 


4. Page 55, Exercise 3. 
a(t) = (cosh t, sinh t, t) 
ог (1) = (sinh t, cosh t, 1) a(t) 
lla’ (t) || = (sinh? + cosh? + 1)2 = (2 cosh? 0, because 1 * sinh?t 7 cosh? t, 


= 4/2 cosh t. 


t t 
s(t) = f. llo (и) du = 1, \/2 cosh и du =\/2 sinh t 


50 
t(s) = sinh"! 
2 

The unit-speed reparametrization of а based at t = 0 is 


B(s) = a(t(s)) = (cosh(sinh"! ув» sinh(sinh"! 75), sinh"! 79) 


2 


= ((1 + 5}, 79 sinh 79) 
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(using the identity cosh? @ =1 + sinh?0 for 0 = sinh” ! 79 
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Page 55, Exercise 6. 
(a) Y(t) =0- a(t) at a(t) 
= (- cos t, - sin t, - t) a(t) 
=-cost U,(a(t)) - sint U2(a(t)) - t U3(a(t)) 
=-cost О, - sint U;- t U} 
using the convention mentioned in the middle of page 58. 
(b) a (t) = (-sint, cos t, 1) a(t) 
a" (t) = (-cos t, -sin t, 0) a(t) 
Y(t) =(cost - sint)U, + (cost + sint)U, + U3. 
(c) Any tangent vector at a(t) EM to both a'(t) and a" (t) is a 


scalar multiple of o'(t) X ос (t), if this is not zero. 
o'(t) X a" (t) = (sint, cost, 1) a(t) 
llo (t) X a" (t)? = sin?t + cos?t + 1 = 2 


so a unit vector in the direction of a'(t) X ог (t) is € (1/4/2)o' (t) X о" (t). 


Thus Y(t) = + эп - 6% О, Ue 


U 
2 y2 2 | 
(d) | Y(t)- (e(t * 7) - o(t)) a(t) 
= ((cos(t + T), sin(t + T), t +7) - (cost, sin t, t))o(t) 
= ((- cos t, ^ sint, t * T) - (cos t, sin t, t)) o(t) 


= -2cos t О, - 2sint 0, + т. 


Page 55, Exercise 2. 
Let p = a(t) = (tcost,t sin t, t). 
The usual reason for the presence of the sine and cosine functions in the 
Euclidean coordinate functions of a curve is to take advantage of the 
identity sin? 0 + cos?0 = 1. Thus we see that 

р? +р2 = t? (cos*t + sin?t) = t? = рз, 


that is, every point p on the curve satisfies 


p; +р2 =р2. (ж) 
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If С is the set of points satisfying (*), С intersects the plane p3 =r in the 

circle p? + p? = r?, for each real number г. Thus С is the circular cone with 
| : > T | 

axis the z-axis, vertex the origin, and half-angle =. Every point of the curve 


lies on C; the vertex (0, 0, 0) is a(0). 
ог’ (Е) =(cost - t sint, sint + t cost, l)o(t) 
о’ (0) = (1, 0, 1) (0, 0, 0) 
[ое (0)]] = (1? + 122 = /2; 
о (t) = (-2sint - t cost, 2cost- t sint, O)o(t) 


a" (0) = (0, 2, 0) (o, о, 0): 


7. We first evaluate Y' апа Z', differentiating each coordinate function 
Y(t) = (cost, sint, 1) a(t) 
Y'(t) = (sin t, cost, O)o(t) 
Z(t) = (sint, t, cos t) a(t) 
Z'(t) = (cost, 1, -sin t) a(t): 
(а) V(t) = Y(t) + Z(t) 
so V'(t) = Y(t) + Z'(t), by linearity, 
= (cost - sint, cost + 1, -sin t) a(t)- 
(b | V(t) = t? Y(t) 
50 
V'(t) = 2t Y(t) + t? Y'(t), by the Leibnizian property, 
= 2t (cost, sint, 1) o(t) * t? (-sin t, cos t, 0) a(t) 


= (2t cost - t^sint, 2t sint + t?cost, 2t) a(t). 


V'(t) = Y'(t)-Z(t) + Y(t)-Z'(t), by the Leibnizian property, 
= (-sint, cost, 0) - (sin t, t, cost) + (cost, sint, 1) - (cost, 1, -sin t) 


= -sin?t + t cost 0 + cos?t + sint - sint 


= cos?t - sin?t + t cos t. 
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(4) V(t) = Y(t) X Z(t) 


Уг) = Y'(t) X Z(t) + Y(t) х Z'(t), by the Leibnizian property, 
= (-sint, cost, 0) a(t) Х (sin t, t, cos t) a(t) 
+ (cost, sint, 1) a(t) Х (cos t, 1, -sin t) o(t) 
= (cos? t, sint cost, -t sint -sintcost) o(t) t 
(-1 -sin?t, cost + sin t cost, cost -sin t cos t) o(t) 
= (cos? t -sin?t - 1, cost + 2sint cos t, cos t - t sin t -2sin t cos Dat 


= (-2sin?t, cost + sin 2t, cost - tsint - sin 2t) a(t): 


If |[Ү [| has the constant value с, then 
Ү.Ү = c. 

Differentiation gives 
Y-Y + Y-Y'-0 


SO 
Y-Y'- 0. 


Further differentiation gives 


Y'-Y' + Y-Y" «0. 


If Y(t) is orthogonal to Y"(t) then (Y-Y")(t) = 0. This forces (Y'-Y')(t) = 0, 
that is Il Y ^ (t)ll 7 0. The norm of a vector is zero if and only if that vector is 
itself zero, so this implies Y'(t) = 0, which is contrary to assumption. Thus 
Y(t) cannot be orthogonal to Y"(t). 


Page 56, Exercise 9. 
hu 
(a) llo || is а constant 
, LEE 
==» Q-Q 15 a constant 
<> CES - 0 
«=> alsa!’ + c ea” = 0 
=» a.a -0 


«€ a’ is always orthogonal to a’. 


21 


M334 П.2 


(5) 


Suppose В is the straight line t> p + tq, and о is the reparametrization В(В) 
of В. Then 


o(u) = p + h(u)q 
a'(u) = h'(u)qo(u) 
о (и) =h" (u)qa(u). 


Then ос (и) and ос (8) are both scalar multiples of the tangent vector qq(y); 
and so they are collinear. Conversely, we wish to show that the collinearity 
of a’ and а" implies that o is a reparametrization of a straight line. By the 
remark about symmetry in Comment (i), it is enough to show that o has a 
unit-speed reparametrization у = o(h) which is a straight line. Consequently 
we choose у to be a unit-speed reparametrization of a: Theorem П.2.1 tells 
us that we can choose.such a y. 


Now (s =a(h(s)) 
y (8) =h'(s) с (h(s)), by Lemma 1.4.5, 
у" (s) = h” ($) a’(h(s)) + (h'(s))? o" (h(s), Бу the Leibnizian property. 
о" (h(s)) and а (h(s)) collinear 
>  Q'(h(s)) is a scalar multiple of ог (h(s)) 
>  y'(s  isascalar multiple of o' (h(s)) 
> y'(s) апа (5) are collinear. 
However, y has unit speed, that is |ly' || = 1, so part (a) tells us that *y' (s) is 
orthogonal to y'(s). The only way that y" (s) can be both collinear and 


orthogonal to y'(s) is that y" (s) = 0: hence by Lemma П.2.3(2) y is a straight 
line. 
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П.3 THE FRENET FORMULAS 


Introduction 


This section carries straight on from Section П.2. The Frenet formulas for unit-speed 
curves are the first really important result in the course. You should try to become 
thoroughly familiar with the concepts of tangent, principal normal, binormal, 
curvature к and torsion т, which are collectively called the Frenet apparatus, and be 
able to find them for any unit-speed curve. | 


We use these ideas to define the Frenet approximation to a curve, which is a type of 
Taylor approximation. You have met Taylor approximations before in Unit M100 
14, Sequences and Limits П or Unit MST 281 10, Taylor Approximation, and Unit 
M231 13, Taylor Approximations. The Frenet approximation is less important than 
the Frenet apparatus, except in so far as it helps one to visualize the shape of a curve 
near a point and suggests various characterizations of curves in terms of their 
curvature and torsion. Such a characterization is a statement of the form: 


В is a curve of a particular type (e.g. plane curve, cylindrical helix) if and 
only if the curvature (к) and torsion (т) of В satisfy a particular condition 
(e.g. т = 0; or T/K is constant). 


The fact that there are such characterizations indicates why к and т are important 
functions associated with a curve: we shall see just how important they are in 
Chapter III. The section concludes with some characterizations of curves: you should 
note the methods of proof as much as the results. Further characterizations follow 
in the exercises and in the next section. 


READ: Section II.3 (pages 56-63). 


Comments 


(1) Pages 57-8: curvature and principal normal The definition of к as ЇЇТ | 
forces us to avoid points where К is zero, for at such a point not only is N undefined 
but K may not be differentiable (because the square-root function is not differenti- 
able at zero). Moreover, N may suddenly change from one side of the curve to the 
other near а point where К is zero, as shown in the diagram opposite. 


Consequently the footnote on page 57 is very important: we restrict our attention 
to portions of curves where the curvature is positive. 


It is possible to develop a theory where к is allowed to become zero and even 
negative, in which М is defined for many curves even at points where к = 0. In this 
theory к and М are still differentiable at such points. O’Neill does not take this 
approach (except for curves in E? — see the optional section in the exercises), but if 
you are interested you can read about it in T. J. Willmore: An Introduction to 
Differential Geometry (O.U.P. 1964), Chapter I. 


(й) Page 57: binormal We choose B to be T x N specifically to obtain a vector 
field which is orthogonal to T and N at each point. Since T(s) and N(s) are 
orthogonal unit vectors, Lemma II.1.A tells us that B(s) is a unit vector orthogonal to 
T(s) and N(s), and moreover the following equations hold: 

TX N=B; N X T =-B; 

NX B=T; BX N=-T; 

BXT2N; TXB=-N. 
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Since T(s), N(s), B(s) form а frame at each point В($) we can extend the idea of 
orthonormal expansion by the pointwise principle to obtain the result that any vector 
field Y оп В has an orthonormal expansion of the form 


У = (У-Т)Т + (YN)N + (Y-B)B. 


(iii) Page 59 onwards: the correspondence between points and tangent vectors 

The identification of the tangent vector vp with the point v, for working which is 
concerned just with the Euclidean coordinates, enables us to omit the subscripts to 
tangent vectors. This convention considerably simplifies manipulation and proofs. 
For example, O'Neill uses this convention throughout the proof of Corollary 3.5: 
without this convention the last line of page 61 would read 


В (8):4(5) = 8 (5)-qg(s) = 0 
and the second paragraph on page 62 would contain words to the effect that since B 
is parallel there is a fixed vector v such that B(s) = Ур (5) and would then define f(s) 
аз (B(s) - 8(0))-v; this adds verbiage and symbols to the proof without enhancing our 
understanding of it. Consequently we use this convention whenever it is possible to 
do so without causing confusion. We note that by page 58 O'Neill is already writing 


а: за s b 
Г($ = |- — —. — -.- 
(5) c ne с СО$ с»с 


rather than the technically more correct 


а. ба s b 
T(s) =|-= sin >, = cos > = 
(s) С cc Cc b 

S . S bs 
COS =, a sin =, — |. 
р So Gc 


In the last paragraph on page 59 we take this identification of tangent vectors with 
points a little further. We associate the tangent vector Y(s) = (y,(s), ya(s), ys(s))g(s) 
with the point (yi(s), у2($), уз (s)) of ЕЗ. 
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We simply take all the tangent vectors Y(s) and move the point of application B(s) to 
the origin; the new end points of the tangent vectors become the new curve. If we 
call this new curve а, then « is parametrized in such a way that a(sg) is the point 
with the same Euclidean coordinates as the tangent vector Y(so). This technique 


allows us to transfer certain results about curves to vectors fields on curves, and vice 
versa. 


Additional Text 


The following exercise introduces a result that we shall need in the next section, so 


attempt the exercise now. Do not spend too long on it, and be sure to read the 
solution. 


1. Page 65, Exercise 7. 


Supplementary Comments 


(t) Page 57: line -2 The “orthonormal expansion” referred to is that of B' in 
terms of T, N, B, as mentioned in Comment (ii). 


B' = (B'T)T + (B'-N)N + (B'-B)B 
-(B"N)N  ifB'"T- B'B-0. 


(й) Page 59: line 5 Looked at from above we have: 


E" (a cos 5, а sin 2, 0) 
№ ($) = (7 cos, -sin 0 


The normal is in the opposite direction to the projection of the position vector B(s) 
on the xy-plane, and so it always points towards the z-axis. 
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(11) Расе 61: line 4 
would be 

52, ак 
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This is not the Taylor approximation to В of degree 3: that 


B(s) ~ В(0) + (s- кё s°)To + (ко 27 3s (0)8" )№ + Ko To Во. 


We are interested in the approximation of the component of (5) - В(0) in each of 
the directions То, №, Во, so we keep just the term of lowest degree in each 


component. · 


Summary 


Notation 


чин 


Definitions 


(i) Unit tangent T 
(ii) Curvature к 
(iii) ^ Principal normal N 


(iv) Binormal B 
(v) Frenet frame field T, N, B 
(vi) Torsion Т 


Frenet approximation 
Tangent line 

Osculating plane 

x) Frenet apparatus Т, М, B, к, 7 
i Plane curve 

Spherical curve 


Example 
(i) The unit-speed helix 


p(s) = |a cos, a т, ын! 


where с? = a? * b?, has constant curvature а/с? and 
constant torsion b/c?. 


Results 

(i) The Frenet formulas. 
T'- KN 
№ =- xT + 7B 
В = - ТМ 


(i) 


The Frenet approximation: for small s, 


B(s) ^ 8(0) + sT(0) + (0) №0) + (0-0) В(0). 


2 
(iii) 


А unit-speed curve with positive curvatüre is a 
plane curve if and only if 7 = 0. 


Page 56, line -4 
Page 57, line 2 
Page 57, line 6 
Page 57, line 8 
Page 58, line 3 


Page 56, line -4 
Page 57, line 2 

Page 57, line 6 

Page 57, line 8 

Page 57, Lemma 3.1 
Page 58, line 3 

Page 61, line 5 

Page 61, line 10 
Page 61, line 14 


Page 61, line -12 
Page 63, last two lines 
of text 


Page 58, Example 3.3 


Page 58, Theorem 3.2 


Page 61, line 4 


Page 61, Corollary 3.5 
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(iv) А unit-speed curve has zero torsion and constant Page 59, third 
curvature к if and only if it is part of a circle with paragraph, and 
radius 1/к. Page 62, Lemma 3.6 
(v) A spherical unit-speed curve has curvature > l/a, Page 63, last 
where a is the radius of the sphere. paragraph 
(vi) ЁО =a(h) and a are both unit-speed curves, then T 
= eT(h), s -N( 1), В = eB(h), к = к(һ), т = 7(h), 
where e =h = + 1. Расе 65, Ехегсіѕе 7 
(vii) Т=МХ В, М- ВХ Т, В=ТХ М. Text, page 28 
(viii) If Y is a vector field on о, 
Y = (Y-T)T + (Y-N)N + (Y-B)B. Text, page 29 
Techniques 


(1) Finding the Frenet apparatus T, N, B, к, т, by dif- 
ferentiation, followed by taking norms and cross 


products. Page 58, Example 3.3 
(11) Identification of a vector field on a curve with Page 59, last 
another curve. paragraph 


(ii) ^ The following two techniques are useful in 
characterizations: 


(а) | to show a function is constant, show that 
its derived function is zero, simplifying the 
derived function by using the Frenet 
formulas; Page 62, lines 6-11 


[17 


(b) prove that “type of curve" > properties 
of к and т” first, as the proof should give 
you information which will indicate the Page 62, proof of 


method of proving the converse. Lemma П.3.6 
Exercises 
Technique (1) 
2: Page 63, Exercise 1. It is sufficient to show that the curve is part of a circle, 


and find its centre and radius. 


Technique (и) 


3. For В as in the preceding exercise, let ø be the curve whose coordinate 
functions are given by o(s) = T(s). Find the speed of о. 


Technique (її) 
4. Page 65, Exercise 10. 
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Optional Section — Curves in the Plane 
5. Curves in the plane are treated somewhat differently from those in ES. If 


you would like to make a small sub-study of them, read the definitions given 
in Exercise 8 and then do that exercise. More exercises on curves in the plane 
will be provided later. Note that, because E? is two-dimensional, N spans the 
set of vectors orthogonal to T: T' is orthogonal to T because ||T|| = constant, 
and so T' = KN for some К. 


Solutions 


1. Page 65, Exercise 7. 


(a) 


(b) 


а = a(h) 
so @ = h'a'(h), by Lemma I.4.5, 
so [lo (s)]] = ih'(s)i lle (h(s))Il for all s. 
о is a unit-speed curve, so llo (h(s))Il = 1 for all s; & is a unit-speed 
curve, so |16 (s)]| = 1 for all s: thus [h'(s)| = 1 and so h'(s) = + 1. Since 
h is differentiable and has an interval as its domain, h'(s) cannot be 
+1 for some values of s and - 1 for other values of s. So we can write 
h’ =e, where Е = + 1 independent of s. Then h(s) = es + h(0) = * s + sọ 
where sọ = h(0). 
The salient fact from part (a) is that h'(s) = =. 
T(s) = o(h)'(s) = h'(s)o' (h(s)), by Lemma 1.4.5, 

= eT(h(s)). 


Т (8) = eT(h)'(s) = eh'(s)T'(h(s)), Бу Exercise П:2.7, 


e? T'(h(s)) = T'(h(s)): 
thus 
к(8) N(s) = x(h(s)) N(h(s)): (*) 
taking norms we find 
i(s)i 5) = uc(h(s))l IIN(h(s))II 
so [к ($)! = ik(h(s))| since (8) = IIN(h(s))ll = 1: 


K(h(s)) and K(s) are positive so we may remove the modulus signs, 
obtaining 


K(s) = (h(s)). 


Now this equation and (*) together imply N(s) = N(h(s)) since 
K(h(s)) is not zero. 


B(s) = T(s) X N(s) = eT(h(s)) X N(h(s)) = eB(h(s)). 
В (8) = eB(h)'(s) = eh'(s) B'(h(s)), Бу Exercise П.2.7, 
= e? B'(h(s)) = B'(h(s)) =-7(h(s)) N(h(s)): 
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thus 
-T(s) N(s) = - T(h(s)) N(h(s)), 
but 
N(s) = N(h(s)) 


т(5) = r(h(s)). 


The importance of this result is that if о and & are two different 
unit-speed reparametrizations (in the sense of Theorem П.2.1) of 
some curve y, then a and & have the same Frenet apparatus at each 
point of the curve. 


Page 63, PS l. 


B(s) = @ cos s, 1 -sin s, -2 cos s). 


В (8) = P sin s, - cos x sin s) 
1 


1 
ЇЇ (8 5)! = (2 sin? $ + cos 25 + sin? s) = (cos?s + sin?s)? = 1, 


so В is цагг а unit-speed curve and 
Т(8) = 8 (8). 


Т (8) = -$ cos s, Sin $,-> 3 cos $) 
1 


к(8) = IIT (8 sl = (35 cos? s + sin 2+5 cos?s)? 


= (cos?s + sin? jee =1,s0 


№) = Т (8). 
О, О, U3 
_ | 4. 9 
B(s) = T(s) X N(s) = -gsins  - coss ķsins 
4 : 3 
-5 COSS 5111 5 5 СОБ 5 


2 


-|3 со8 8 + sin? s), sin s coss- sin s coss ыг sin? s + cos?s 
5 5 


Ex 
B 0, ZI 
B'(s) = 0 so 7(s) = 


Since т = 0 and к is constant, Lemma II.3.6 tells us that В is part of a 
circle of radius 2 = ] The proof of Lemma II.3.6 showed that the 
centre of the circle is given by (s) + (1/k(s)) №5), which in this case 


gives 


cos s) + E COS $, sin сае 8) 


— cos $, l -sin $ -3 
c 3 > 5 5 


(5 5 
-(0, 1, 0). 


0 is the curve whose coordinates are the same as those of the vector field T, 
and so 


llo'(s){l IIT (s)ll = (s). 
We saw in the preceding exercise that к(ѕ) = 1 and so llo'(s)]| = 1 for all s, 
that 15, о has unit speed. 
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4. 


Page 65, Exercise 10. 
(a) На lies on the sphere of centre с and radius г, then 
По ($) - ell = т, 
that is, | 
(о (s) - c) - (o(s) с) = r°. 


Using coordinates only and ignoring points of application (following 
Comment (iii)), we differentiate to obtain 


(a(s) - с) - o'(s) = 0, 
that 15, 
(o(s) - c) - T(s) = 0. 
By the orthonormal expansion of o(s) - c in terms of the basis T(s), N(s), 
B(s), 
a(s) - c = a(s)N(s) + b(s)B(s) 
where 
a(s) = (a(s) - c)-N(s), b(s) = (a(s) - c)-B(s). 
Differentiating again: 
o' (s) = a (s)N(s) + a(s) N'(s) + b'(s) B(s) + b(s)B'(s), 
but 
o'(s) = T(s) 
so that 
T(s) = a'(s)N(s) + a(s)(- (s)T(s) + 7(s)B(s)) + b'(s)B(s) - b(s)r(s)N(s). 


Since T(s), N(s), B(s), form a basis, we can equate coefficients on each side: 
coefficients of T(s) give 


1 --a(s)(s) 
and so 

а) т) =~ Pls): 
coefficients of N(s) give 

0 = a'(s) - b(s)rís 


b(s) = 5 a'(s) 


-- o(s)o (s) 
Thus a- c=- pN- p'oB. 
Since N and B are orthogonal, 
læ- сї? = (=p)? + (-o'o? 
50 


r? = p? + (р'о)2. 
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Now 
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We put у(ѕ) = o(s) + p(s)N(s) + p'(s)o(s)B(s) as we know Бу part (a) 
that y(s) is constant when a is a spherical curve. We aim to show that 
y(s) is a constant if р? + (р'о)? = r?. We can achieve this if we can 
show that у = 0. 


^Y = à + p'N + pN' + (р'о)'В + p'oB' 


=T + p'N + p(-KT + 7B) + (p'a)'B - p'ozN 
= (1 - рю) + (p'- p'or)N + (рт + (р'о)')В 


= (рт + (р'о)')В since pK = от = 1. 


Now we use our information that р? + (p'o)? = т?. Differentiation gives 


50 


50 


SO 


Thus 


2pp' + 2р'о (p'o) = 0 

p * o (p'o) = 0, because р’ # 0, 
рт + or (p'o) = 0 

рт + (p'o) = 0, Бесамзе от = 1. 


Y = (рт + (о'0)')В = 0 and so y is constant. 


Putting y(s) = с gives 


a(s) - c =- p(s)N(s) - p'(s)o(s)B(s) 


and so, as before, 


SO 


læ- ell? = (-p)? + (-р'о)2 


=? + (p'oy 


= ү? Бу assumption 


la - cl| = г, 


that is, & lies on the sphere with centre c and radius г. 


Page 65, Exercise 8. 


(a) 


N = (-y, х’), so 
N' = (-у’, x"). 
However, T' = (x", y") = KN = K(-y’, x’) so 


x" = -ку' 


№ = (-kx', -ky') =- k(x', у’) =-кТ. 
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(b) 


Since T has slope angle y and unit length 
T=cosy О, + sing О, 
and so 


T' = -siny y'U, + cosy q'U;. 


N has slope angle (ф + 5) and unit length, so 


N = cos (p +5) 91 + sin (ф +5) U, 
=- sing U, + cosy U2. 
Thus 
Т =9N. 
However, 


T' = KN, and sok =y. 
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П.4 ARBITRARY-SPEED CURVES 


Introduction 


This section extends the results of Section II.3 to arbitrary speed curves. We need to 
use the chain rule for reparametrizations of curves (Lemma I.4.5) and its analogue 
for vector fields on reparametrized curves (Exercise П.2.7) to adapt the Frenet 
apparatus to an arbitrary speed curve. We are searching for an effective procedure 
for computing the Frenet apparatus of an arbitrary regular curve, and, although we 
succeed in this, we lose the simplicity of the earlier Frenet formulas, with the result 
that the theory becomes cumbersome and the computations more involved and so 
liable to error. Although this whole section is important and very practical, if you 
find yourself becoming bogged down in calculus and computation give it a rest for a 
while and return later: the results of this section are not needed again until Section 
Ш.5. 


READ: Section II.4 (pages 66-74), omitting the last full paragraph on page 67. 
a ee Coe o pae s 


Comments 


(i) Page 66: the definitions The curvature, torsion etc. of а are those at the same 
point of the corresponding unit-speed curve @, that is, if p is the point a(t) = a(s(t)) 
on the curve, then the curvature at p is k(t) =K(s(t)). There is a possible difficulty 
here, in that if we take different unit-speed reparametrizations of о they may give a 
different Frenet apparatus. However, the result of Exercise 11.3.7 tells us that so 
long as we restrict ourselves to unit-speed reparametrizations in the sense of 
Theorem 11.2.1 the Frenet apparatus is the same. Thus “Һе Frenet apparatus of о is 
the Frenet apparatus of any unit-speed reparametrization of а” is a valid definition. 


(и) Page 73: the orthonormal expansion of u By Theorem II.1.5 
и = (u- T)T + (u- N)N + (u-B)B 
= cos 9 T + aB for some a, because u'T = cos 9 and u-N = 0. 
Now u is a unit vector, so 
15141 = cos? 9 + a? 


sO 
a? = 1 - cos? 9 = sin? 9 


so 
а = tsin 9. 


If a= + sin 9 we have the required expression; if a = -sin } then, because cos (-9) = 
cos 9 and sin (-9) = -sin 9, we can replace 9 by -9 and obtain 


u = cos(- 9)T + sin(- 2)B. 


This is possible because we are allowing 9 to have any value. The recognition that we 
can just write sin 9 for a in such a situation should become second nature to you. 
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Supplementary Comments 


(i) 


(ii) 


(iii) 


Page 67: second paragraph You are not seriously expected to 
reparametrize the curve a(t) = (t, t?, t?). If you attempted it and got stuck 
then you will understand O’Neill’s point — there may not be explicit 
formulas for &. 


Page 69: the formula for k Since v = |la’||, the equation 
lla’ X a" || = kv? 


yields 
x llo" X MI 2 lle" X al'l 


3 
v [ое |3 


Page 71: the example 


Summary 

Notation 

T Page 71, line 10 
Definitions 

(1) Frenet apparatus for an arbitrary-speed curve Page 66, first paragraph 
(ii) Spherical image 0 Page 71, line 10 

(iii) ^ Cylindrical helix Page 72, Definition 4.5 
(iv) Circular helix | Text: page 41, Exercise 5 
Results 

(1) T' = kvN 


№ = -куТ + vB 


В =-tvN Расе 67, Lemma 4.1 


40 
(ii) a’ = vT 
o! = SY p + кум 
dt Y 
ГА 
с: _ a 
(iii) T [ӨЛ 


ы llo X o" || 
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Page 68, Lemma 4.2 


llo" ll? 
o o X o ка (a! X а")-а"" 
TETH llo" X о’? | 
N=BXT Page 69, Theorem 4.3 
(iv) For a regular curve: 
к-0 if and only if о is а straight line 
т-0 if and only if о is planar 
к constant 20, т = 0 if and only if o is part of a circle 
к constant 20, т constant #0 if and only Ша is a circular helix 
т/к constant if and only if о is a cylindrical helix. 
Page 74 
Techniques 
(1) Finding the Frenet apparatus of an arbitrary 


regular curve. 


(ii) Finding the spherical image of a curve. 


Page 69, Theorem 4.3 


Page 71, second paragraph 


Finding the Frenet apparatus for a curve derived 


from some other curve in terms of the latter's 


Frenet apparatus: this 


involves 


repeated 


application of the Frenet formulas and taking 


higher derivatives. 


Page 71, last paragraph 


(iv) Finding u and 9 for a cylindrical helix Бу putting 


cot 9 = T/K and u = cos 9 T + sin 9 B. 


Exercises 


Technique (i) 


Page 73, Theorem 4.6 


l. Page 74, Exercise 2. This continues the example of Exercise 11.2.3, whose 


solution is on Text page 23. 


Techniques (и) and (iti) 


2: Page 75, Exercise 11. Kg has been found on page 72, so ай you need find is 
Tg. Make use of the working already done on pages 71-72. 


Technique (111) 
3. Page 74, Exercise 8. 


Technique (tv) 
4. Page 75, Exercise 9(с). 
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Theory Exercises (omit if you are short of time) 


5. Page 75, Exercise 10. This continues from Exercise II.4.8: a cylindrical helix 
B is a circular helix if its cross-section curve ¥ is part of a circle. 


6. Page 75, Exercise 12(a). This continues from Exercise П.4.11. 


Optional Section — Curves in the Plane 


If you have time to follow this optional line of study, you should also do: 


7. Let a be a plane curve, @ a unit-speed reparametrization of а, that is a = à(s) 
where s is an arc-length function for a. Define 


T = T(s) 
к = K(s) 
N as in Exercise 8 on page 65. 


Prove that (a) о = УТ 


(b) T' = vk«N 
(с) № = -kvT. 
8. Раре 75, Ехегсіѕе 14. 
9. Page 75, Exercise 15. The central curve is defined in Exercise П.4.13. After 


you have sketched both curves, how do you account for the cusp (sharp 
point) in a* at ог (0)? 


Solutions 


1. Page 74, Exercise 2. 
a(t) = (cosh t, sinh t, t). 
We already know that: 
о (t) = (sinh t, cosh t, 1) 
v(t) 74/2 cosh t 
s(t) =./2 sinh t. 
Now 
o" (t) = (cosh t, sinh t, 0) 
a(t) = (sinh t, cosh 1, 0) | 
so @(ї) X a" (t) = (-sinh t, cosh t, sinh? t - cosh’ t) = (~sinh t, cosh t, - 1), 
llo (t) X o" (+) = (sinh?t + cosh?t + 1j = 4/2 cosh t, 


О (t) Ха (t)-a'" (t) = -sinh?t + cosh?t = 1. 
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Now we simply apply Theorem П.4.3: 


a(t) 21 
T(t = 
(1) = llo" lle (ol ji EA (tanh t, 1, sech t) (writing tanh for Sinh. and sech for p 


o' (t) X a" (t) 


B(t) = По) x оте) - 5 (7 tanh t, 1, -sech t) 


N(t) - B(t) X T(t) = 5(2secht, 0, -2tanht) = (secht, 0, - tanht) 


к(ї) = llo" (t) X о’ (+) _ /2 cosht _ 1 
[ЖШ (/2 cosht 2cosh?t 


о (ора O . 1 ..41. 
шон По (Е) x o" (t)? ^ (2 cosh t)? 2cosh't 


Since we know s(t) = 4/2 sinht, 2cosh?t = 2 + 2sinh?t = 2 + 52, 


K = 
so K(s) = 7(s) = 5-2 
Page 75, Exercise 11. 

Let В have Frenet apparatus Т, №, В, қ т. 


Making the usual identification of coordinates and ignoring both the 
distinction between points and tangent vectors and the points of application 
of tangent vectors, we can write, as on pages 71- 72: 


0-1 
0' = KN | 
д" =-к?Т+к’М + krB 
o X o" = к? (кВ + TT) 
lo’ x o || = к? (к? + 7? y. 
Now 
0" --9kk'T - K?T' * k"N * k'N' + k'rB + kr'B + krB' 
= 9kk'T - XN * k'N- k'kT + k'rB + КТВ + ктВ - кт? № 
= -Зкк'Т + (k"- к? - kr?)N + (кт + 2к'т)В 
SO 


o' X 0"'-0'" = k?vr(- 3kk') + к? (kr' + 2k'7) 
= K? (kr' - тк’) 
= к (tjk). 
a Xoo" кз (r/K)' _ (т/к)' 


Tg - 1: " = 
9  Wo'Xo"l? к“ (к? +T?) к(1 + (т/к)?) 


Page 74, Exercise 8. 
(a) We have to show that f(t) = (y(t) - o(0))-u = 0. 
We know that 
f(0) = (7(0) - a(0))-u = s(0) cos 9 u-u = 0 
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because s(0) = 0, and so it is sufficient to show that f is a constant 
function, i.e. that f' = 0. 


f(t) = (y(t) - o(0))-u 
= (a(t) - s(t)cos 9 u - o(0))-u 
= (a(t) - o(0))-u - s(t)cos 9 because u-u = 1; 
f'(t) = o'(t)-u- s'(t)cos 9 
= v(t) T(t)-u - v(t)cos 9 
= v(t)cos 9 - v(t)cos 9 
= 0. 


Hence y(t) - o(0) is always perpendicular to и, that is, у lies in the plane 
through o(0) orthogonal to u. 


(b) Let us suppose that о has unit-speed, so that s(t) = t and v(t) = 1. 


Using bars to denote the Frenet apparatus of у: 
y(t) = o(t) - tcos du 
y (t) = a'(t) - cos 8 и = T(t) - cos 9 и. (*) 
У-ЇҮ! 
= (Т - cos 9 u)-(T- cos 3 и) 
= (T-T - 2 cos 9 T-u + cos? 3 а-и)? 
= (1-2 cos? 9 + cos? oy 
= (1- cos? 9)? 
= (sin? 9) = [sin 94. 
Since v is constant, Lemma П.4.2 gives: 
Y" (t) = (0) (9())* К) 
= K(t) sin? 9 N(t), 
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but our first expression, (*), for y'(t) gives: 
Y" (t) = T'(t) = K(t)N(t), 
so K(t) sin? 9 N(t) = K(t)N(t). 
Taking norms gives K(t) = ((t)/sin? 9) since K(t), K(t), and sin? 9 are 


all positive. 


Page 75, Exercise 9(c). 


We use the technique used in the proof of Theorem П.4.6. We already have 
all the necessary information about a (see solution to Exercise П.4.2). 


T(t) = k(t) = TTEN зо т(ї)/к(ї) = 1: we choose 
r(t) 

k(t) 

Now we put U(t) = cos ш 2109 + sin 2 B(t) 


9-2 so that cot = 17 — 


218 (tanh t, 1, sech t) + -tanht, 1, -sech t) 


| ( 
A 
- (0, 1, 0). 


This vector field U is parallel, as expected, so we put u = (0, 1, 0), and u isa 
fixed unit vector such that T(t)-u 7 cos (7/4). 


y(t) = a(t) - s(t) cos u 
| 1 
=(cosht, sinh t, t) - 4/2 sinh t. 7 (0, 1, 0) 


-= (cosh t, 0, t). 
y(t) - o(0) = (cosh t, 0, t) - (1, 0, 0) = (cosht - 1, 0, t) 
so(y(t) — o(0))-u = (cosht - 1, 0, t)-(0, 1, 0) = 0, as required. 


Page 75, Exercise 10. 


Since к > 0 and + 0 are constants, we can apply Theorem 11.4.6: thus В is 
certainly a cylindrical helix with 


9 = cot ! (т/к), и = cos? T(t) + sind B(t). 


All that remains to show is that the cross-section curve у of В is part of a 
circle. By Exercise П.4.8(а), у is planar; by Exercise П.4. 8(b) the curvature 
of y is (к/ѕіп2 9), which is a constant: hence, by Lemma П. 3.6 (which is 
unaltered if the unit-speed restriction is lifted), у is part of a circle. 


Page 75, Exercise 12(a). 
We may suppose the curve В has unit-speed. Let 0 be its spherical image. 
В is a cylindrical helix => T/k is constant (by Theorem II.4.6) 
<= Kg is constant and то is zero (Бу Exercise П.4.11) 


<> g is part of a circle (by Lemma II.3.6 and its converse). 
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7. (а) а = @(5) 


50 


a’ = s'à (s), by Lemma 1.4.5, 


= và (s), because s' = v, 
- vI(s) 
= УТ. 
(b)  T-T() 
50 
Т =s'T'(s), by Exercise П.2.7, 
= vT'(s) 
= vK(s)N(s), because Т' = КМ, 
= vKN. 
(c) N=N(s) 
50 | 
№ = 5 №'(5), | by Exercise П.2.7, 
| = УМ (5) 
| = v(-K(s)T(s)), by Exercise П.3.8, 
=-vkT. 
8. Page 75, Exercise 14. 
a’ = vT 


a” = v'T + vT' 
= vT * v?kN 


Thus o"-N = у2к. 


However, in the plane М = J(T) = Je ) 50 


, 
o" „Ла ) = vK 
У 
1.е. 
" _ а" J(a’) 
y3 


In terms of the coordinate functions, 


a’ M (х, Y a 
He) = Cys xo, 
v= (x + y? )2 
o" = (x", ya 
х'у” = х”у' 


SO , 3 
(x? + y'?)2, 
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Page 75, Exercise 15. 
(а) at =atgn 
,? r 1 ! к' 
оттам 
к K 


УК к' 
my eem ee IN 
K K 


The tangent line to a* at a*(t) is the line through a*(t) in the direction 
a*'(t); the normal line to о at a(t) is the line through a(t) in the direction 
N(t), that is in the direction orthogonal to o' (t). Consequently these two 
lines are the same if and only if | 

(1) a*'(t) and a'(t) are orthongonal: o*'(t)-a'(t) = 0 


(ii) there is a number u(t) such that a*(t) = a(t) + u(t)N(t). 


Firstly, let us check that a* does satisfy these conditions. 


2К(9) 
(к(0))? 
so (i) is satisfied. Moreover 
1 


a*(t) = a(t) + x(t) N(t) 


o*'(t)-a (t) = N(t)-o'(t) = 0 


so condition (ii) is satisfied with u(t) = "e 
Conversely, suppose В is a curve satisfying (i) and (ii), that 


18 


апа 


М334 1.4 
Then 


SO 
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po u'N + uN’ 
=vT * u'N- uvkT 


= v(1- uk)T + u'N 


p-a = (v(1- uk)T + u'N)-(vT) 
= v? (1 - uk). 


1 
В'-а' = 0 and v is non-zero, so this implies к = —, that is 
u 


1 
В =а+—М=а*. 
К * 


al a". « 
We have already shown that М = Je к = Jt ) 
у у 


1 
so 05 =а+—М 
K 


ee IUD 
о". (о) V 
v? , 
ее 
=а+ Ee 


о". (©) 
a(t) = (t * sin t, 1 + cos t) -T«t«m 
ое (t) = (1 + cos t, -sin t) 
o" (t) = (sint, -cos t) 
o (©) 0 (t) =1+2 cost + cos?t + sin?t = 2 + 2 cost 


Го (t)) = (sin t, 1 + cos t) 


o" (t)-J(o'(t)) =- sin?t - cost- cos?t - - 1- cost. 
Now ой (1) = a(t) + о. J(a'(t)) 
FON) 


= a(t) - 2J(a’(t)) 
=(t+sint, 1+ cos t) - 2(sin t, 1 + cos t) 


= (t- sint, -1- cost). 
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The cusp at o*(0) suggests that ос" is not regular at that point. In fact 
that is the case, for 


a*'(t) = (1- cost, sin t) 


a*'(0) = (0, 0). 
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П.5 COVARIANT DERIVATIVES 


Introduction 


This section depends on Sections I.3 and II.2; you also need to be familiar with the 
differential of a function from ЕЗ to В (Section I.5). We introduce a new derivative, 
the covariant derivative. This is a very important idea in differential geometry, and 
serves as the starting point for a lot of more advanced work. The definition is similar 
to the other definitions of derivatives in the book, in that it is given in terms of a 
derivative we already know along the particular curve t — p + tv. It generalizes the 
derivative of a vector field on a curve. 


READ: _ Section II. 5 (pages 77-80). 


Comment 


(1) Page 78: the symbol V This is usually pronounced “‘del” or “nabla”. 


Additional Text 


(1) Covariant Differential If W = Ум; 0; is a vector field on E?, the covariant 
differential, VW, of W is the function on tangent vectors defined by 
VW(v) = V,W. 


By Lemma П.5.2 VW = Zv[w;] Uj(p) and so 
VW(v) = Zv[w] Ui(p) 
= Хам (у) О; (р), by definition of dw;, 


= (Zdw;Uj)(v). 
Thus we may write 
УМ = 2dw,Uj. 


(1) A Useful Result The result of the following exercise will be used often 
later in the course. Attempt the exercise now. 


1. Page 81, Exercise 6(a). (HINT: Use Lemma I.4.6.) 

Summary 

Notation 

VW Page 78, line 2 
Vyw i Page 79, line 15 


VW Text, page 49. 
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Definitions 


Results 


(i) 


(ii) 


(iii) 
(iv) 


Covariant derivative with respect to a tangent 
vector VW 


Covariant derivative with respect to a vector field 


Vyw 


Covariant differential VW 


If W = Zw;U;, VW = Zv[wi] Ui(p) 


VyW = ZV[wi] Uj. 


Linearity and  Leibnizian properties of the 
covariant derivative. 


With respect to a tangent vector v: 
Улу + bwY = aVyY + БУ WY 
Vy(aY + bZ) =aVyY + БУ, 
Vy(fY) = v[f] Y(p) + р)УуҮ 
v[YZ] = УуҮ?2р) + Ү(р) Уу 


With respect to a vector field V: 


Угу + gwY = fVyY + gVwY 
Vy(aY + bZ) = aVyY + bVyZ 
Vy(fY) = V[f] Y + үү 
V[Y:Z] = VyY-Z + YFVyZ 


If W = Zw;U;, VW = ZdwiU;. 


Va'(t)W = (W(o)) (t). 


Techniques 


(i) 


Finding the covariant derivative with respect to a 
tangent vector or vector field, 


(a) 
(b) 


(c) 


(d) 


from first principles; 


using result (i) and calculating the 
directional derivatives from first principles; 


using result (i), the linearity and Leibnizian 
properties of both the directional and 
covariant derivative, and the results 


U;[f] = (9#/9х;), v[f] = Z v;(9f/0xi); 


by means of the covariant differential. 
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Page 77, Definition 5.1 


Page 79, line 12 


Text, page 49 


Page 78, Lemma 5.2 
Page 79, line 18 


Page 78, Theorem 5.3 


Page 80, Corollary 5.4 
Text, page 49 


Page 81, Exercise 6(a) 


Page 77, Definition 5.1 


Page 78, Lemma 5.2 


Page 78, Lemma 5.2, 
Page 78, Theorem 5.3 and 
Page 80, Corollary 5.4 


Text, page 49 
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Exercises 
Technique (1)(а) 


2. Page 80, Exercise 1(а). Work directly from Definition II.5.1. 


Technique (1)(5) 


3. Page 80, Exercise 1(а). Use the result of Lemma П.5.2 but calculate the 
directional derivatives from first principles. 


Technique (1)(с) 


4. Page 80, Exercise 1(a). Now use all the results available to simplify the work! 
5. Page 80, Exercise 2(a). 
6. Page 80, Exercise 2(c). 


Technique (i)(d) 


7. Page 80, Exercise 5. 
Solutions 
1. Page 81, Exercise 6(a). 
Let W = È м. 
Then Va'(t)W = Za'(t)[w;] U;(a(t)), by Lemma II.5.2, 
i 
d(wi(a 
=> “ӨМ (oua), |. by Lemma 1.4.6, 
i 
= (% wi (a(t) )Uj(a(t)))’, by the definition of differentia- 
| tion of a vector field on a curve, 
= (Мо) (t). 
2. Page 80, Exercise 1(а). 


р = (1, 3,-1),v=(1,-1, 2), ѕо 
р+їу = (1+6 3-6 -1 + 20). 
W = х? 0, + yU, 
зо W(p + tv) = (1 + tU, (p + tv) + (3 -t)U,(p + tv). 
VyW = W(p + 5) (0) 
= [2(1 + 0) (р + tv) - О р у) h = 0 
= 2U,(p) - О, (р) 


= (2, -1, 0)p- 
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3. Page 80, Exercise 1(a). 
W = x2U, + yU, 
so 


VW = v[x^] О (р) + v[y] U2(p) by Lemma II.5.2. 
d 

у[х?] =a p+ tv)|t =0 
а 
2+9 =0 


=2(1+9[1=0 
=2; 


4 
1= — + у); = 
у[у] р Ye 0 


» £ (3-9ї-0 
E -1h =0 
=-1. 
Thus 
VyW = 20 кр) - Ux(p) 
= (2, -1, 0)p. 
4. Page 80, Exercise 1(a). 


VyW = v[x?]U, (р) + v[y] О(р). 


д д(х? 
ур] = у, 090) +, (р) + v, py 
ду Z 
= у} нэ 
121582: 


ду ду ду 
v[y] = v4 — (р) + và —(p) + уз (р) 
дх ду д2 


E 
E 21, 
5О 
VW = 20 кр) - Ux(p) 
= (2,-1, 0)p. 
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5. Page 80, Exercise 2(a). 
W = cos x О, + sin x О, 
50 
УУМ = V[cos x] U, + V[sin x] U; by Lemma II.5.2. 
V[cos x] = (-yU, + xU3) [cos x] 
=-у U,[cosx] + xU3[cosx], Бу linearity, 
д(со8х) . O(cos х) | 
E дх эх д2 
= у sinx + 0; 
V[sin х] = (-УО, + xU3) [sin x] 
--yU,;[sinx] + xUs[sinx], Бу linearity, 
O(sin x) O(sin x) 
n. x оо Ss д2 
= -у cos x + 0. 
Thus 
VyW=y sin x О, - y cos x U}. 
6. Page 80, Exercise 2(c). 
Vy(zW) = V[2]W + 2ZVyW by Corollary II.5.4. 
У[22] = 2zV[z], by Corollary 1.3.4, 
= 22(-yU, + xUs)[z] 
= -2у2 U,[z] + 2xz Us[z], by linearity, 
=-2у2.0 + 2xz.1 
= 2xz, 
50 
Vy(ZWW) = 2xz М + ZVyW 
= 2xz (cos x О, + sin x U2) 22(у sinx О, - y cos x U;) 
= (2xz cosx + yz’sin x)U, + (2xz sin x - yz? cos х)0,. 
7. Page 80, Exercise 5. 
М = xy?U, - x?z22U, 
so 


VW = d(xy*)U, - d(x?z?)U, 
= (y?dx + 3xy?dy)U, - (2xz?dx + 2x?z dz)U3. 
(a) (y?dx + 3xy?dy) ((1, 0, -3) (-1, 9, -1у = 23.1] + 3.(-1).22.0 = 8 
(2xz? dx + 2х? 242) ((1, 0, "Е 1,2,- 1) = 2.(-1).(-1)?.1 + 2.(-1?.(- 1).(-8) =4 
and so 
Vw. (1, 0, -3) (-1, 2, -1) = 80 (р) - 4Us(p) 
= (8, 0, -4) р. 
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(b) (y?dx + 3xy?dy) ((-1, 2, “ша эрэ 33. (-1) + 3.1.32.2 = 27 
(2xz?dx + 2х2» dz) (-1, 2, -1)(1,3,2)) = 2.1.22(-1) + 2.12.2.(-1) = -12 
and so 
VW((-1, 2,-1)(1, 3, 2)) = 27Ui(p) + 120 3(р) 
= (27, 0, 12). 
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П.6 FRAME FIELDS 


Introduction 


This section does not depend on the previous two, but on Sections II.1 and 1.3. The 
idea of a general frame field (as opposed to the Frenet frame field of Section II.3) is 
formulated. 


READ: Section II.6 (pages 81- 84). 


Additional Text 


(i) 


The Pointwise Principle In this section O'Neill has used the pointwise 
principle to extend some familiar definitions and theorems from the set of 
all tangent vectors to E? to the set S of all vector fields V in E?. We recall 
that S is only a three-dimensional module (see Comment (ii) to Section I.2 
(Text, page 10)) and so S is not isomorphic to E?. However, because each 


element of S can be expressed as 2f,U;, many of the ideas do carry over to S 


via the pointwise principle with no trouble. Some examples are given below. 


(a) The vector fields Бу, Ес, Ез form a basis for S if the tangent vectors 
E, (p), Е,(р), Ез (р) form a basis for T(E’ for each point p of ЕЗ. 


(b) The dot and cross products and norm are defined pointwise. That is, 
if V and W are vector fields then V-W is the function from E? to R 
defined by 


(V-W)(p) = V(p)-W(p), 
V X Wis the vector field defined by 


(V X W)(p) = V(p) X W(p), 
and |[V|| is the function from E? to R defined by 


У! р) = IIV(p)Il. 


(c) Vector fields V and W are said to be orthogonal if V(p)-W(p) = 0 for 
all p. For example, V X W is orthogonal to V and W. 


(d) Similarly the vector fields E,, E;, Ез are orthonormal if 


EE; = бїр 


that is (Е-Е) (р) = 1 for all p and for i = 1, 2, 3 and Ki, Ej are 
orthogonal fori Æj. 


(e) (Lemma 6.3). If E,, E2, Ез are orthonormal vector fields, any vector 
field V has an orthonormal expansion of the form 


V= (У-Е,)Е, + (У-Е,)Е, + (V-E3)E3 
= ҺЕ, + БЕ, + ЗЕ» 
where f; = У.Е;. 
Moreover, if W = g, E, + 82Ё, + g3E3, we find, as one would expect, that 
V-W = figi + bg? + f3g3. 


In future we shall not always trouble to point out when the pointwise 
principle is used to make definitions or deduce results about vector fields. So 
long as you are sufficiently familiar with the linear algebra of E? you should 
have no trouble with adapting this to vector fields. 
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Summary 


Notation 


V-W 
VXW 
IV || 

Е,, Е», Ез 
г, 9,2 

р, Ù, Ф 


Definitions 

(i) Orthogonal vector fields 

(ii) Orthonormal vector fields 

(iii) ^ Frame field E,, Е, Ез 

(iv) ^ Coordinate functions with respect to a frame field 


Examples 


(1) The natural frame field U,, U2, Оз 
(ii! The cylindrical frame field E}, Ез, Ез 
(iii) ^ The spherical frame field Fy, F5, Ез 


Results 
(1) For the cylindrical frame field 


E, = cos О, + sin U, 
E, =- sind? О, + cosd U, 
Ез = U3. 


(ii) For the spherical frame field 


Е, = cosy со89 О, + cosy sind U, + sing Оз 


Е, =-sind U, + соѕд U2 
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Page 82, line 1 

Text, page 55 

Page 82, line 2 

Page 82, Definition 6.1 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Text, page 55 

Text, page 55 

Page 82, Definition 6.1 
Page 83, Lemma 6.3 


Page 82, second paragraph 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Page 82, Example 6.2.(1) 


Ез =-siny cos? О, - sing sind U, + cosy Us. 


(iii) НЕ, Ej, Ез is a frame field and У is a vector field, 


then 
V = (V-Ej)E, + (V-E;)E; + (V-Es)Es 
(iv) If E,, E;, Ез is a frame field, У = УВЕ; апа 
W= ZgE; then 


УМ УБ, 
Techniques 
(1) Recognition of frame fields. 
(ii) Production of frame fields using Gram-Schmidt and 


cross product (see Lemma II.1.A). 


(iii) ^ Expression of a vector field in terms of a frame 


field, and applications thereof. 


Page 83, Example 6.2.(2) 


Page 83, Lemma 6.3.(1) 


Page 83, Lemma 6.3.(2) 


Page 82, Definition 6.1 


Page 82, Example 6.2 
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Exercises 


Techniques (1) and (8) 
1. Page 84, Exercise 1. 


Technique (iii) 


2. Page 84, Exercise 2. 
Solutions 
1. Page 84, Exercise 1. 


First we notice that ||V|| and IWI are never zero and so E, and E, are 
well-defined. Since V and W are linearly independent at each p, we know 


that 
V(p) #0 


W(p) = 0 
W.V 
W(p) * WE 
У(р) = 0 and so |М| is never zero. 
W=W- (М-Е,)Е, 
(W-V)V 
М" 


which is also never zero. 


V(p). 


We must show that ЕГЕ = 5 


У У VV МР о 


E,-E "— = = 

LOT ЛУНЕ ПУР УР 
Ч м 

Er E, = -œ * — =] 
Iwi УТ 

Еск У. М МЎ УМ W-E, Е) 
ШШШ Л Мм Мм IVI WI 


V-W - (W-E,)(V-E,)  lVI((E,-W) – (W-E,)(IIVIIE1-E,) 


IIVIL WI АД 
_ IVI (W-E;) ~ 17228 
ДЖ Wil 
Since Ез = E, Х E», Е.Е; = E,°E3 = 0 and 
1 
Ез-Ез = ((Е,-Е,)(Е,-Е,) = (E,-E,)? у: Бу Lemma 1.1.8, 
=1. 


. 
bd 


similarly. 


2. Page 84, Exercise 2. 
(a) О, = соѕд Е, - sind Е, 
=cosy cos? Е, - sind F,- sing cos? Ез. 
(5) со89 U,+sind U, + Оз = Е, + Е; 
= (созф + siny)F, + (cosy - зтф)Ез. 
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(с) (1) xU, + yU, + zU} = r cosó О, +r sinÜ U, + zU, 
=r E +2 03; 
(ii) xU, + yU, + 203 = p cosy cos О; + p cosy sind О, + p sing Оз 
= pF. 


If you cannot do this type of exercise by inspection, you may find the 
following method helpful. We can write the equations giving the F; in terms 
of the U; in matrix form as 


F, cosy cos? cosysin? пф U, О, 
Е, |=|- sind сов89 . 0 U,| =М |0, |; 
Е, - sing cos? -sing sin? cosy U3 U3 


Since the F; and the U; are both frames, M must be an orthogonal matrix, 
i.e. М! = М, so we can write (0:| = «M |[F,| , giving the Ui in terms of the F;. 
0, Е, 
Оз Ез 


As an example, we work part (b)(ii): 


cos? О, + sind? U, + U3 = (соѕ9, sind, 1) (0, 
U2 
"1083 
= (со80, sind, 1)'M |F; 
Р, 
Ез 
= (cos, sind, 1) | соз cos? -sin 9 - sing соѕд | | Е, 
cosy sind  cosÓ - sing sind] | Е, 


sing 0 cosy Ез 
= (cosy + sing, 0, cosy - sing) | Fy 
Е, 
Ез 


= (cosy + sing)F, + (созф- siny)F3. 
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П.7 CONNECTION FORMS 


Introduction 


These last two sections of Chapter II are of quite a different nature to the preceding 
ones. The material is more abstract, and concerned almost entirely with forms. We 
expect you will find these sections difficult. However, they are not needed again 
until Chapter VI, so you may be content with just a superficial understanding at this 
stage of the course. If necessary, you can revise these sections when you reach 
Chapter VI: you should find them easier going at that reading after the lapse of 
time. 


Section П.7 draws together the previous two sections and Section 1.5. Its purpose 18 
to generalize the Frenet formulas to arbitrary frame fields. The matrix techniques 
introduced look messy but are simple to use in practice. 


READ: Section II.7 (pages 85-90). 


Comment 
(i) . Page 88, Theorem 7.3 The ij-th entry of dA'A = E (dA) (ТА). = 
J 
i (Ча; (а), which we write as T ajkdaik to keep to the standard con- 


_ vention of putting the differentials on the right. We cannot use such a 
conventional arrangement with the matrices dA and tA, however, as matrix 
multiplication is not commutative. 


Supplementary Comment 


(1) Page 89: dA The fact that d(cos 9) = -sin 9 49, and the other similar 
results, follow from Lemma I.5.7. 


Summary 
Notation 
Wij Page 85, Lemma 7.1 
д, Раре 87, Ппе 4 
А Page 88, line 11 
dA Page 88, line 18 
Definitions 
(i) Connection forms c; Page 85, Lemma 7.1 
(ii) Attitude matrix (A) of a frame field Page 88, line 11 
(iii) ^ Differential of a matrix whose entries are functions 

from E? to В Page 88, line 18 
Results 
(1) Cj; is a 1-form and wj; =—-W;j. Page 85, Lemma 7.1 
(ii) The connection equations: VyE; = Zo (У)Е; Page 86, Theorem 7.2 
(ш)  w=dAta, Page 88, Theorem 7.3 
Technique 
(i) Calculation of the connection forms using w = dA‘A. 


Page 88, Theorem 7.3 
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Exercises 


Technique (1) 
1. Page 91, Exercise 4, using А and w. 


Theory Exercise 


2. Page 91, Exercise 5. 
Solutions 
1. Page 91, Exercise 4. 
A= | cosy cos? cosy sin? sing 
-sind cos Ó 0 
-siny cos? -5ѕіп 51098 cosy 


dA = [-singcosó dp- созфзт9 43  -sinp ѕіп® dp + cospcosü 49 cosy dọ 


-со89 dd -sind dà 0 
-cosy cos 9 dp + зтфзш9 43 -cosysinddy-singcosd dd -sinydy 
w = АВА = 0 cosy 49 dy 

-cosy 49 0 sin ад 
-4р -sing ад 0 


SO Q5 = cosy dà 


W13 = dy 
©›3 = sing 49. 
2: Page 91, Exercise 5. 


> Уүу(5Е), by Corollary II.5.4.(1), 
i 


У (V[f] E; + ЕУуЕ, by Corollary II.5.4.(3), 
i 


У (V[&] E, +62 (УЕ), Бу the connection equations, 
i J 


> УГ Е, +; fie (V)Ei, by rearrangement, 
| j 1 


= $ (vig) + E fej(V))Ej- 
j i 


In the case of the natural frame field all the connection forms are zero (prove!) 


and so this equation reduces to 
VW = 5 ун] U; 


as given on page 79. 
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П.8 THE STRUCTURAL EQUATIONS 


Introduction 


As mentioned in the previous section, you will probably find this section rather 
abstract and hard going. Do not attempt it until you feel fairly confident about both 
Section II.6 and Section II.7. You should also be familiar with the ideas of linear 
functional, dual space and dual basis (see Unit M201 12, Linear Functionals and 
Duality, Sections 1 and 2). 


This section deals with finding the exterior derivatives of the connection forms 
introduced in Section II.7 and of the dual 1-forms of a frame field. As we do not yet 
know what an exterior derivative is, this section, like 1.6, must be approached purely 
formally, as manipulation of strings of symbols. In Chapter IV we shall find a 
meaning for the exterior derivative, and in Chapter VI we shall relate that to the 
results developed here. 


The results of this section are not needed until Chapter VI. You will probably find it 
hard: if so, do not worry about understanding it in depth now, but retum to it from 
time to time so that it becomes fairly familiar before Chapter VI is reached. 


READ: Section П.8 (pages 91-95). 


Gomments 


(1) Page 91: dual 1-forms In Lemma II.6.3 we saw that if E,, Ej, Ез is a 
frame field then any vector field V can be expressed as 


У = (V-EjE, + (V-EjE; + (V-E3)E3. 


In а similar manner, we obtain the fact that, if Ур is а tangent vector, 


ур = (Ур"Е\Р))Е кр) + (vy-Ex(p))Ex(p) + (ур-Ез(р))Ез(р), 


simply by applying Lemma П.1.5 to the frame E, (р), E; (p), Ез (р). Thus if 
we define the functions 6; from the set of all tangent vectors to ЕЗ to В (and 
extend to vector fields by the pointwise principle) by 


0(Ур) = ур-ЕКр) 

we may write 
Ур = 91(%р)Е.(р) $ 9,(Ур)Ез(р) + 20915213) 
У = в (УЕ, + 6(V)E; + 6(V)E;. 


0; is certainly linear at each point, and so 0; is a 1-form. In fact, since the Е; 
are orthonormal, we have 


which is precisely what is meant by saying that the 0; are the dual basis to 
the Ej. This is why we сай the Ө; the dual 1-forms of the frame field. 


(1) Page 94: Example Тһе 6; have not been found yet, but a method for so 
doing is given on page 95. The соу were computed in Exercise П.7.4. 
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Summary 
Notation 
0; Page 91, Definition 8.1 
Definition 
(i) Dual 1-form 6;. Page 91, Definition 8.1 
Results 
(i) If V is a vector field, then У = 26;(V)E;. Text, page 61 
(ii) 9;(Е.) = б» Text, page 61 
(iii) If @ is a 1-form, then ф = Хф(Е;)0;. Page 92, Lemma 8.2 
(iv) НЕ, = T ajjU;, then 0; = T ар ах. Page 92, line 20 
(v) The structural equations 

49, = У Wij A 0; 

J 

үс о чу Page 92, Theorem 8.3 
Techniques 
(i) Finding the dual 1-forms 6; by adhoc methods 

or using the attitude matrix. Page 92, line 20 

(ii) Using the structural equations. Page 92, Theorem 8.3 
Exercises 
Technique (1) 
1. Page 96, Exercise 4. Part (с) depends on knowing what ðf/ðr, df/00 mean 


and on knowing the formula 


of of of 
df =—dr+—dd + — dz. 
дг 93 97 


These will be explained in the final section of this text, so you may like to 
defer this part of the exercise until then. 


Technique (и) 


2. Check the structural equations for the cylindrical frame field. (The con- 
nection forms were calculated on pages 89-90.) 


Theory Exercise 


3. Page 95, Exercise 1. 
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Solutions 
1. Page 96, Exercise 4. 
(a) Е, =cos? U, +519 U, 
E; =-sind? U, + cos U, 
Ез = U3. 


By definition, 9.(0}) = ОЕ. = ЕсО, 50 


0:(0,) = cos} 0:(0,) = sind 0 (U3) = 0. 
We compare this with the value of dr on each of the U;. 


д 
dr(U;) = 9; [+] es by Lemma 1.3.2. 


1 


х 
1 
r= (x? + у?)? 
SO 
д 
—= x а= шэн cos Ó 
дх (х? + у? )2 r 
or 
== y 1= ын sin 19 
Е: 
дг 
— = 0. 
92 
Thus 


Since the 1-forms 0, and dr are equal on the frame field U; they are 
equal on all tangent vectors and vector fields (by Lemma I.5.4), and 


so 0, = dr. 
Similarly 92(0)) = 0-Е» 50 
9:(0:) = ~sin 3 0:(0,) = COS 9 0:(03) = 0. 
Also 
93 


Xi 
9 = tan! E | 


X 
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50 


89 _ l Seeman eee: sind?  -sinó 

9х i Ч 2 x^ х2+у2 r r 
X 

дд _ 1 |= x _rcos? cos? 

ду ў Ч x} х2 + y? r? т 
X] 

99 | 

əz 

таи г sind? 
r dd(U;) шилэн = 0:(0:) 
r' cos 9 
г 49(0,) = = 6,(U2) 


г 49(0з) = 0 = 603) 


and so 0, = г dé. 
04(0,) = 0 43(U2) = 0 Өз(Оз) = 1 


dz(U,) = 0 dz(U,) = 0 dz(U3) = 1 
and зо 04 = dz. 
(b) Е. [т] = dr(E;) = 6 (Ej) = би. 
05 (Ei) 5 Oi 


т 
Е.[2] = dz(E;) = 93(Е;) = бу. 


Е; [9] = 49(Е) = 


Р _ | of of of 
(c) E; [f] = 4КЕ,) = > dr NS 49 + FE dz | (E;) by the theorem 
to be proved in the final section, 
of 1 df of 
=—01+- — 63+ — 6 
3nd 38 275523 


Notice how we have used the Kronecker delta in (b) and (c) to 
convey several pieces of information in one statement. It does not 
matter if your solution did not use it, but bear in mind that you can 
often shorten the amount of writing by using it. 

Now we check the structural equations. 

0, = dr, 0, = гад, дз = dz, 

(212 = 49, оз = 0, w23 = 0 as found in Section П.7: 

40, = (аг) =0 and ој A 0 + W134 6,=d0 A тад + 0 = 0; 

40, = d(rd3) = dr ^ dà and озу ^ 0, + wz ^ д, =-43 ^ dr + 0 = dr ^ dd: 

dé, = d(dz) = 0 and C231 ^ 01 + C232 ^ 0, = 0; 

40212 = 4(49) -0 and О) уз ^ W32 = 0; 

46213 -0 and W12 ^ W23 = 0; 


dw 3 =0 and Q21 ^ C213 = 0. 
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3. Page 95, Exercise 1. 
i 
= X d(f,6;) 
i 


i 


1 J 
Но 


by Theorem 1.6.4.(2), 


by Theorem II.8.3.(1), 


by rearrangement, 
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PARTIAL DIFFERENTIATION 


We have met two new coordinate systems in this chapter: г, 3, z and p, 9, y. If you 
have met these before you may have come across expressions such as Of/ór, 01/99 
and equations such as 


df = li d e ДБ а 
a ^ 39 3p" 
Since the only partial derivatives we have so far formally defined are the ðf/ðx;, 
where x; are the natural coordinate functions, our purpose here is to give a meaning 
to expressions such as 01дг, 91/993 which is consistent with our idea of a partial 
derivative. 


To do this properly, we must first of all be quite clear about the use of the symbols 


. X, у, 2, as defined on page 4. They denote not “dummy variables", but the natural 


coordinate function from E? to В. That is, if p = (p,, p2, p3) then x(p) = pi, y(p) = 


рә, Z(p) = рз. In particular (x, y, z)(p) = (ри, р, pa) = р, and so (x, y, z) is the 
identity function on E. 


Now suppose that f is a function from E? to R. We must first notice that, although f 
is а single function from E? to В, it has different expressions in terms of x, y, z and 
in terms of p, 9, ф say. For example, let us consider the function f = x? + y? +22. We 


know p? = x? + y? + 22, so we can also write f = р?. Now, because (x, у, 2) is the 


identity function, we can write 
Е = Ёо (x, у, 2) = f(x, y, z) 
but f is not equal to Кр, 9, р) because 
Қо, 9, p) = f» (р, 9, p) = p? + 0? + 7. 


Can we find a function g such that f = g(p, 9, Ф), that is f = рот where m is the 
function (p, 9, o): E? — ЕЗ? 


E? —MÁ—À— € 


MW P4 


In this case we can do so quite simply. If p € E? then 
Қр) = о?(р) = (о(р))* 
8(0, 9, ф)(р) = в(р(р), 9(р), #(р)) 


and so we require the function g to pick out the first coordinate and Hare it: эн 
the function that does this is precisely the function we have called x?. Thus g = x? 
and so 


f -x?o m. 


We return to the general case, and recall that the definition of df/0x is 


эг f(t, y(p), z(p)) 


ae f(t ) 
"ce Pa Ps)} dt t=x(p). 


dt 
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Roughly speaking, we are holding y and z tixed and differentiating with respect to x. 
If we want to define дЇ/др in a similar fashion we need to hold 9 and р fixed and 
differentiate with respect to p. This is where we need to use the function g: since 


Е = g(p, 9, p) 


. of 
we define — by 
dp 


Z (p) = Fatt 90), e(p) ЕЕ; 


But this is precisely 0g/0x evaluated at (р(р), 9(p), y(p)), because, roughly speaking, 
дв/дх means "differentiate with respect to the first variable" no matter what the 
“variables” may be called. 


This is formalized in the following definition. 


Definition 


If m = (ти, mz, тз) is a differentiable one-to-one function from a subset of E? to 
E? with differentiable inverse m`! , and f is a differentiable function from E? to R, 
and g is a function such that f = go m (in fact g must be f° m`!), then 


of _ 0g 
3m, P) = gx М 


Notice that this. definition of ðf/ðm; is dependent on the whole function m: if m = 
(mı, m2, M3) then д{/дту may be different depending on whether m or im is being 


used. 


In Вия ын definition is very easy to work with. In our previous example we had 
f = p?, g = x’, and so ðf/ðp = (д/9х) (т) = 2x(p, 9, р) = 2p. Another example: if 
f = p cosy then g = x cos z, and 


of _ др 9, 

5223 — (m) = cos z(p, 9, p) = cos 9; 

of _ де )=0; 

99 ду | 

of д 

Эр = ~= (m) =-x sinz (р, 3, р) =- psin q. 


This should show you that this process effectively treats p, 9, ф as “dummy variables” 
just as x, y, z are normally treated, and so the new partial derivatives can be written 
down without the step of introducing g. 


For the usual partial derivatives ðf/ðx, df/dy, 91/92 we had the result (Corollary 
1.5.5): 


df = aan а gia 
Ox Oy de — 


Now that we Have defined other partial derivatives suitably, we can prove an 
analogous theorem. 
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Theorem 


If = (m,, m5, m3) is a differentiable one-to-one function from a subset of ЕЗ to 
E? with differentiable inverse m`! , and f is a differentiable function from E? to В, 
then 


_ af 
df = Z— ањ. 


m; 
In particular, 
at-a а 
Ap? дй dz 7 
арга 22 ө Ей 
Cae Чар F 


(Corollary 1.5.5 is the particular case of this theorem for т; = х..) 


Proof 


We use the chain rule given in the additional text on Section I.7. We can take 
g=fom! to obtain 


f=gom. 
Now the chain_rule gives 
"x g,(m)m,. 
If v is a tangent vector at the point p, this gives 
£ (v) = в, (m(p))m, (v), EU 


where g, is written as a matrix evaluated at m(p) and the vectors f, (v), m, (v) are 
written as column vectors. Now, Theorem I.7.5 tells us that 


£ (v) = (v[f]) = (df(v)): 


this is a 1 X 1 matrix so that corresponding column vector is also (df(v)). The same 
theorem tells us that 


m, (v) ын (v[m,], v[m.], v[m;] ) 
= (dm,(v), dm;(v), dms(v)), 
which is 
dm,(v) 
dm,(v) 
dm;(v) 


as a column vector. 


By Corollary I.7.7 g, has matrix 


Fe 0g КА 


Ox," 3x2" Ox 
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Evaluating this at the point m(p) we have 


д д 
55, (mp) 58 (m(p)). - (m(p) 


which is precisely 


9+ дї (p) of 
5m, P) — (p) Эт (P) 


om, 


by the definition of (0f/0m). Putting the expressions we have obtained into (*): 


of of of 
(df(v)) = om; (р), z— (р), = (p)| |dmi(v) 
i | dm,(v) 
атз(у) 


9f of of 
= a (p)dm,(v) + on (p)dm,(v) + дш; (p)dms(v) 


of of 
=||— dm, + — dm, + — dm3 | (у). 
дт; m» дтз 


This is true for all tangent vectors v, and so 
of of of 
df = — dm, + — dm, + — dm3. 
om, om, дтз 


You do not need to know any details of this proof. АП you need for this course is 
the defintion of general partial derivatives and the result stated in the theorem. 


Summary 
Notation 
lr a8” аг oreo 
af af af 
TTE Text, page 66 
Definition 
(1) Partial derivatives Text, page 67 
Results 
(1) df oF a 2 за 
i = art — dz. 
Эг 39 522 Text, page 68 
(ii) df of d , 9f ee С 
il = — — — dy. ! 
до 0 38 do p Text, page 68 
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Techniques 


(i) Finding partial derivatives. Text, page 67 
(ii) Using the expressions for df in terms of the | 

partial derivatives. Text, page 68 
Exercises 


Technique (1) 


1 Fi ae ae hen f 9 
: —, —, —when f= : 
in 3» 9 327 n f = p со$9 cosy 
of of of 
2. Find 7-5 =, — when f = x? + 22. 
ðr 93 Oz 


Technique (ii) 


This has already been tested in Exercise IL8.4(c). Do that exercise now if you 
previously deferred it. 


Solutions 
1. f= pcosÓ cosy 
=x cosy cosz (p, 9, 9) 
= g(p, 9, v) where g = х cosy сов л. 
of д 
жолоог 2 (р, 9, p) = cosy cosz (p, 9, p) = cosd cosy. 
др дх 
of a | 
2 (0, 9, р) =-x siny cosz (р, 9, Ф) =- р sind cosy. 
д9 ду 
of д | 
Зол 28 (o, 9,0) =-х cosy sinz (р, 9, у) =- pcos? sing. 
др Oz 
2: We must first of ай express f in terms of r, 9, 7. 


From the diagram we see that 


x-rcosÓ 


М334 П 


and so 
f=x2+2? 
= r? cos? 9 + 22. 


As before, we can introduce р = x? cos?y + z?, or we can go directly to the 


results: 
of 
— = 2r cos?Q, 
or 
38 =-2г? соѕ 9 sind; 
of 
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FURTHER EXERCISES AND SOLUTIONS 


Section П.1 


Recommended Exercises 


Page 49, Exercise 2. This shows that Euclidean distance is a metric in the sense of 
M202 and M231. 


Page 50, Exercise 11. This relates the vector operation grad to the norm and dot 
product. 


Solutions 


L 
2(а). (р, q) = lip - qll = (Z (p; - q;)?)7, which is non-negative. 


d(p, 9) = 0 = 2 (p; - qi)” = 0, and a sum of squares is zero if and only if each term 
is zero, that is р; = ар 


2(b). (р;-9;)?= (9; - p;)? so (р, q) = d(q, р). 
2(с). (р, q) + d(q, г) = lip 911 + Ilq- rll > lip - q + q- rll = Ilp - rll = d(p, г). 


of. of; 
ll(a. df(v)=2 үсе = (ZvjU;(p))-(2 - Ui(p)) = v-Vf(p). 
11(b). Put w= (Vf)(p). 
uff] =u-Vf(p) = им 


and ju-wi < llull liwii = м 
with equality when u = „У, 
В 


Section И.2 


Technique Exercise 


Page 55, Exercise 1. 


Other Recommended Exercises 


Page 55, Exercise 5. This deal with unit-speed repararmetrizations in the sense of 
Theorem П.2.1. 


Page 56, Exercise 10. This shows that arc-length is preserved by reparametrizations 
which are symmetric in the sense of Comment (i). 


Solutions 

1 . , , : , 2, 2, 1 : 

( (Bw Ew» EDGE 
2+2, 3; 
0:2,21 : 0, 2,2 А 
Е det) ( (a, 1, 3) 


М334 П 73 


t? 14 
1(b). ї)=2+—;—. 
(b). 3(0-2082:2 
5. If В; is the unit-speed reparametrization based at t = tj, and s; is the arc- 


length function based at t = t;, 


a(t) -81(8:(0) = Ba(s2(t)). 


i t 
-| vous f v(u)du 


= so + $2(1) 


where s, is the arc-length of а from t, to tz. 


10.  Putfi- o(h). 
(a) Arc-length of f from a to b 


- f Do 


h`’ (d) 
- h'(u)vg(h(u))du 
В" (c) 


- f «o 


C 


= arc-length of o from c to d. 


(b) Arc-length of В from a to b 
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Section II.3 


Technique Exercises 


Page 63-64, Exercises 2, 3. 


Other Recommended Exercises 


Page 64, Exercise 5. This expresses all the Frenet formulas in a single format. 


Page 64, Exercise 6. This deals with the approximation of a curve by part of a circle. 


Solutions 
1 1 
1+3)? -(1-s)? 
9 суш е т 
2 2 м2 
5 1 
1: 2 
Najelucs Ut) g 
v2 29 
1 H 
- (1+5} (1-s) 1 
B(s) = ( ah (15) кк 
2 2 2 
1 
K(s) =7(s) = 1 
2/2(1- $2)? 
3. Evaluate both sides of each equation. 
5. AX T=KBX T=KN 


AX N=7TT X N+KBX М=ЕТВ - kT 
AX B=7T X В--1М. 


6. The only solution for 7 is 


8 EE 
($) = c- Pcos Мо То 


N 
where c = + 8(0) 
Ко 


Section II.4 


Technique Exercises 


Pages 74-75, Exercises 1(а), 3(a), 4 (first part), 6, 7, 9(a), (b). 


Other Recommended Exercises 
Page 74, Exercise 5. This gives a formula for k. 
Page 75, Exercise 13. This introduces another special curve derived from a given 


curve. Since one of a, à is negative, you will first have to adapt Example П.3.3 for 
the case where a is negative. 
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Solutions 
1 


1(а). T(t) ШҮҮҮ (2, 2t, t2) 


1 
= f- _ +2 
мо) 2: (72042-1521) 


1 


B(t) = a 


(t, -2t, 2) 


K(t) = T(t) MUSS 8 


(1,0, 1) 
V2 
N(0) = (0, 1, 0) 
(- 1, 0, 1) 


V2 


3(а). Т(0) = 


В(0) = 

к(0) =1 

т(0) ES 

4 

4. Evaluate both sides of each equation. 
6. a’ = cT. 

a” = cT' = c?kN. 

a! X a" = co KB. 

Now substitute in Theorem II.4.3. 
7. T(t) -( -2sin = СО$ 23 

N(t) = (-cos t, -sin t, 0) 


b. b a 
B(t) =|— sint, —— cos t, — 
c c 


k(t) =>, 
T(t) = 5, 
9(a). =з 
9-7 
4 


9(b). u= (0, 0, 1) 


0-2 
4 


¥(t) = (3t (3, 322, 0). 
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5. a" = —T + kv?N 
| 2 
llo" 12 =!—| + (ку?)? 
а S 2 28 
13. If a> 0, then к(ѕ) = —, № $) = (~ cos—, - sin —, 0); 
с c с 
| а S S 
ifa < 0, then k(s) =-—, №) = (cos-, sin—, 0). 
с с с 
Substitute these to obtain 
Bap” = Bap 
for all a. Now (à) =а so 
Ваъ* = Bap: 
Section II.5 


Technique Exercises 


Page 80, Exercises 1(b), 2(b), (d), (e), (£), 4. 


Other Recommended Exercises 


Page 80, Exercise 3, This extends the result that if Y is a vector field on a curve and 
[Ү]|| is constant then Y. Y' = 0. 


Page 80, Exercise 6(b). This deals with the definition of covariant derivative. 


Page 80, Exercise 7. This exercise introduces the bracket of two vector fields. 


Solutions 
l(b). (1, 2, 4), 
2(b). =y. Оз. 
2(4). -sinx О, + cos x Us. 
2(е). -y?cosx U,- y?sin x Us. 
2(f). (у?-хсозх - yzsinx)U, + (Cx sinx + yzcos x)U,- 2xy Оз. 
4. X= Ух; U:. 

" OX y 

i 113 ij 
= У Vi U: - V. 
1 

3. W(pttv)-W(pttv) = constant 


= W(p*tv)-W(p*tv)' = 0 
> W(p)-V,W = 0. 
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6(Ь). УУ(00 (t) = 210) W- VW. 
7(a). Both sides equal У У vj 21 -wj 9vj = : 

1 1 дх, Ox;| Ox; 
7(b). The definition is antisymmetric. 
7(с).  [U,.[V,W] ] [f] = U[V,W] [f] - [УМО 

= UVW[f] - UWV[f] - VWU[f] + WVU[f]. | 
Adding the other two similar expressions to this gives zero. 

709). [fV,gW] [h] = fV[gW[h]] - gW[fV[h]] 
= КУ| W[h] + gVW[h]) - g(W[f] V[h] + fWV[h]) 
= IV[g] W[h] - gW[f] V[h] + fe[V,W] [h]. 


Section II.6 


Techinque Exercises 


Pages 84-85, Exercises 3, 4. 


Solutions 

3. Choose any unit E; orthogonal to Е, and put Ез = Е, X Е,. For example 
E, = sinz U,- cosz Оз 
E3=- sinx (О, + cosx cosz О, + cos x sinz U3. 

4. The same formulas are obtained as for the spherical frame field. 


Section II.7 


Technique Exercises 


Pages 90-91, Exercises 1, 2, 3, 7. 


Solutions 
df 
1. 127 060135 w235 7. 
2. All zero. 
3: A is orthogonal. 
Фу = - df; 


Q13 7 cosf df; 


(223 = sinf df. 
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7(a). For any f, 
2 of . aðf dt 
F,[f] = cosy cosd Эх : COS 2 шил + sin 7. 
: 1 | 
р = (х? + у? + 22)? 
v= tan `! M 
х 
= -1 ХЭРГЭЭ è 
y = tan | СУ 
evaluate the partial derivatives and substitute. 
7(b) - sin p F, + cos p Ёз. 
Section II.8 


No further exercises are recommended. 
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